Chapter 1

Nuclear Reaction Kinematics and

Spectroscopy

“The energy of the outgoing particle is a spectrometer for the excitation of the residual

nucleus, once Q-value kinematics are under control.”

reaction spectroscopy [6, 1]

Chapter 77 classified reaction mechanisms. This chapter connects measured kinetic energies
and angles to nuclear excitation energies: two-body momentum and energy conservation, the Q-
value, the full non-relativistic relation among K,, Kp, 6, and masses, thresholds for endothermic
reactions, neutron capture on 23*U as a worked example, and the idea of resonant energy

dependence of the cross section [6, 1, 14, 2].

1.1 Experimental geometry and what is measured

Consider the binary reaction
X(a,b)Y or a+X —=>b04+Y (1.1)

in the laboratory frame with target X at rest. Projectile a has kinetic energy K, and momentum
Po. Product b is detected at laboratory angle 6 with kinetic energy Kj; and momentum py.

Residual Y recoils at angle ¢ with kinetic energy Ky and momentum py.

angular distribution of the particle. The detector also measures the kinetic energy of the b-particles,
allowing us to analyze the distribution of their energy as they reach the detector. This provides the
experimental data.
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Figure 1.1: Laboratory setup for a two-body reaction X (a,b)Y: projectile a, target X, light product b
at angle 6, residual Y at angle ¢, and a detector that measures K} (lecture figure).
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Measurable quantities are typically K, (set by the accelerator), 6, and K} (from the detector).
The residual kinetic energy Ky is usually not measured directly. Nuclear data tables supply rest
masses. The unknown of spectroscopic interest is often the excitation energy AE of Y [6, 1].
1.2 Conservation laws
1.2.1 Momentum

With the beam along +x and the reaction in the zy plane,

Pa = pp cosf + py cos @, (1.2)
0 = ppsinf — py sin ¢. (1.3)

(The target is at rest, so initial p, = 0.)

1.2.2 Energy and ()-value

Including rest energies and allowing residual excitation AFE,
Mac® +mxc® + Kq = myc® + myc® + Ky + Ky + AE. (1.4)

Define the reaction @-value from ground-state rest masses,
Q= (ma—i—mX—mb—my)cQ. (1.5)

Then (1.4) becomes
Q+ K, =Ky,+ Ky + AE. (1.6)

e @ > 0: exoergic (exothermic); energy is released.
e @ < 0: endoergic (endothermic); a minimum beam energy is required (Section 1.5).

If Y is left in its ground state, set AE = 0. Excited states appear as discrete peaks at lower Kj,
for fixed 6 [6, 1, 14].

Physical meaning of AE. Each bound level of Y produces a kinematic locus K3(6). Measuring

K at known 6 and K is nuclear level spectroscopy via reaction kinematics.

1.3 Eliminating the unobserved residual

Nuclear kinetic energies of a few MeV on mass ~ A x 931 MeV justify the non-relativistic relations

2

Ky = 2pY , p?l =2m.K,, p% =2mp K. (1.7)
my
From (1.2)—(1.3),
Py COS ¢ = pg — pp cOs b, py sin ¢ = pp sin 6. (1.8)

2
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Squaring and adding eliminates ¢:

Py = (Pa — Py cos0)” + (pypsin 6)> = p; + p; — 2papy cos . (1.9)
Therefore )
2
Ky = 2Y _ Mage e 2 mamyKa Ky cos 0. (1.10)
2my my my my

Substitute (1.10) into (1.6):

2
Q+Ko=Kp+ Ko+ "0 Ky — = \/mampK.Ky cosf + AE. (1.11)
my

my my

Collecting terms,

Q+Ka(1- :Z;) = K1+ %) _ 2 mamiKaK, cosf+ AE. (1.12)

Y my

Solving for the excitation energy,

AE =Q — Kb(l + —b) + Ka(l — ma) + i\/77”Larm,KaK}, cosf. (1.13)
Y

m
m my my

All quantities on the right are either tabulated (@, masses) or measured (K,, K, 6). Equa-
tion (1.13) is the working formula of two-body reaction spectroscopy in the non-relativistic limit
[6, 1].

Masses in (1.13) must be consistent (nuclear or atomic with the same convention on both

sides of ). For precise work one uses relativistic kinematics; the structure of the argument

is unchanged [6, 14].

1.4 Quadratic equation for K; and kinematic loci

For fixed K, 6, and AFE, equation (1.11) is quadratic in /K} (or in K} after clearing the square
root). Writing © = /K3,

(14 20 )a? — 228 Ry o+ [Ka(22 ~1) - Q+ AE] =0. (L14)

my Y

Real positive K} requires a non-negative discriminant. That condition restricts allowed (K,, 0, AFE)

and underlies threshold formulae [6, 1].

1.5 Threshold for endothermic reactions

If @ <0and AF > 0, energy conservation in the CM frame demands

Eem > —Q+ AE. (1.15)
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With Eey = mx K, /(mg, + mx) for a stationary target,

)ma+mX :(

KM= (—Q+ AE ~Q+AB)(1+ n”;‘) (1.16)

X

The factor (1 + m,/mx) > 1 appears because part of the beam energy is tied up in CM motion
and is unavailable for creating rest mass or excitation. Even for () > 0, producing an excited
residual with AE > |@Q| can create an effective threshold [6, 1, 14].

Exoergic case. If Q — AFE > 0, the reaction is allowed down to K, — 0 (neglecting Coulomb
barrier and angular-momentum constraints). Charged projectiles may still need barrier penetra-
tion energy even when @ > 0.

1.6 Example: neutron capture on 23U

Consider radiative capture
n+28U0 — BUr — 29U 44, (1.17)
Using tabulated rest masses, the ground-state QQ-value is
Q = (mp +m(P%U0) — m(**V))c? ~ 4.86 MeV. (1.18)

In the laboratory the target is at rest. Momentum conservation requires the compound nucleus
to carry the neutron’s momentum p,. The residual kinetic energy is
2

Ky=Pn — g, M (1.19)
2mU muy

Energy balance for forming 23°U at excitation AE reads
K,+Q=Ky+AE =K, + AE, (1.20)
my

SO
AE=Q+K,(1- 2 = Q+ Ky (my <mp). (1.21)
mu

For a thermal neutron (K, ~ 0),
AFE =~ @ ~ 4.86 MeV. (1.22)

Capture therefore populates levels of 239U near 4.86 MeV of excitation. Discrete levels above
that energy are reached by increasing K,. When K, matches a compound-nucleus resonance,
the capture cross section rises sharply. The energy dependence of o(K,,) shows a series of peaks:
neutron resonances. Levels below ~ 4.86 MeV are not populated by capture of free neutrons,

because even K, = 0 already deposits ~ @ [6, 1, 2].
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The same Q ~ 4.86MeV sets the neutron separation energy of 2*U: S,(*%U) = Q.

Resonances just above S,, dominate low-energy neutron physics of 223U and enter reactor
design [6, 1].

1.7 Cross section versus energy: resonances (concept)

Plotting o against incident energy for a fixed channel often reveals narrow peaks. Each peak
corresponds to a quasi-stationary state of the compound system whose energy matches the

available CM energy. Qualitatively:

e on resonance, the reaction probability is large;
o off resonance, other processes (potential scattering, direct channels) may dominate.

The line shape is described by the Breit—Wigner formula (derived from a resonant propagator

/ R-matrix theory). For an isolated resonance,

IV

o(E) o (E — Eg)*+ (I'/2)*

(1.23)

where Ep is the resonance energy, I'; and I'y are partial widths for entrance and exit channels,
and I' = >"T'. is the total width. The lifetime of the compound state is

co (1.24)

narrow resonances live longer. Full derivation of (1.23) is left to a later treatment; the kinematic
message of this chapter is that discrete AE values map to discrete K; peaks and to discrete

incident energies for formation resonances [6, 14, 2].

Students should remember:

e Q= (mq+mx —mp —my)c®; Q+ K, = Ky + Ky + AE.
o Eliminate Ky with p? = p?2 +p§ — 2papp cos b.

o AFE from measured Ky,0, K, via (1.13).

o Endothermic threshold: K = (—Q + AE)(1 + ma/mx).

e n+238U: Q ~ 4.86 MeV sets capture excitation for slow neutrons; resonances map levels
above S,,.

o Cross section peaks at compound resonances (Breit—~Wigner shape).
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1.8 Further physics from the literature

Relativistic two-body kinematics. At beam energies of tens to hundreds of MeV per nucleon
the non-relativistic reduction p? = 2mK fails. Exact Lorentz-invariant s-channel kinematics

replace (1.13); modern analysis codes implement the full transformation between laboratory and
CM frames [6, 14].

Missing-mass spectroscopy. When only particle b is detected, the missing mass of Y is
reconstructed from four-momentum conservation. Peaks in the missing-mass spectrum are

excited states of Y. The method is standard at intermediate-energy facilities [6, 1].

R-matrix and Breit—Wigner parameters. Isolated resonances are parameterised by Eg,
partial widths I';, and channel radii in R-matrix theory. Overlapping resonances and direct—

resonance interference require more elaborate treatments [6, 14, 2.

Reactor and astrophysical capture. The ?**U(n,) resonances control neutron economy
in reactors. In astrophysics, (n, ) rates on unstable nuclei set the s- and r-process paths; many

rates are still extrapolated from statistical models constrained by stable-target data [6, 1, 2].

Reading guide

Krane [6] Ch. 11 (kinematics, @Q-values, thresholds, resonances); Dunlap [1] (worked
kinematic examples); Basdevant [14] (resonances); Demtréder [2] (neutron physics). Mass
tables: AME / NuDat [20, 21].

1.9 Problems with solutions

Problem 22.1: ()-value from masses

Using rest energies mqc? = 938.3MeV, mxc? = 11174.9 MeV, myc® = 1875.6 MeV, myc? =
10252.5 MeV, compute @ for a + X — b+ Y. Is the reaction exoergic or endoergic? [6]

Solution 22.1

Q = (938.3 + 11174.9) — (1875.6 4 10252.5) = 12113.2 — 12128.1 = —14.9 MeV.

Endoergic (Q < 0).

Problem 22.2: Threshold energy

For a reaction with Q = —14.9MeV, AE = 0, projectile mass number A, = 1, target
Ax =12, find the laboratory threshold K* [6, 1].

Solution 22.2

K= (-Q)(1+ Z;) =149(1+ 1—12) =149 x g = 16.1 MeV.
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Problem 22.3: Residual momentum

In a reaction at § = 30°, p, = 150MeV /¢, p, = 120MeV/e. Find py from momentum

conservation [1].

Solution 22.3

Py = p2 4 p? — 2papy cos O = 1502 + 120 — 2(150)(120) cos 30°.

cos30° = v/3/2 ~ 0.866,  2(150)(120)(0.866) = 31176.

P2 = 22500 + 14400 — 31176 = 5724,  py = 75.7MeV/c.

Problem 22.4: Excitation from K, (forward angle)

For n + 2C — n’ + '2C* treat the inelastic neutron as a =b=n, X =Y = 12C, Q = 0.
At 8 = 0 and K, = 20.0MeV, a peak is found at K; = 15.5MeV. Estimate AFE using
AFE =~ K, — K} (heavy residual, forward kinematics), then correct with the leading recoil
terms of (1.13) using m,,/m¢c = 1/12 [6].

Solution 22.4

Crude estimate:

AFE =~ 20.0 —15.5 = 4.5MeV.

With Q@ =0, mqg = myp = my,, my =mg, 8 =0, cosf =1,

AE:—Kb(l 112)+K( i)Jrlz\/K—K}_,

12

13
:—155><E+200><—+ \/20><15

1
V310 ~ 17.61, 5 x 17.61 ~ 2.94,
AFE = —16.79 + 18.33 + 2.94 = 4.48 MeV.

The residual is excited by about 4.5 MeV.

Problem 22.5: Thermal capture on 23%U

o
|
3

Show that a neutron with K, = 0.025eV on 238U produces essentially the same excitation
as a zero-energy neutron if @ = 4.86 MeV. Compute AFE from (1.21) [6, 1].

Solution 22.5

m 1
M N~ 42%x 1078 K, =2.5x 108 MeV.
o~ 239 x 1077, 5x 10 eV

AE=Q+K, (1—m—)_486MeV+25><10 MeV x 0.996 =~ 4.86 MeV.
U
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Thermal kinetic energy is negligible next to Q.

Problem 22.6: Resonance and lifetime

A neutron resonance has total width I' = 0.10eV. Estimate the compound-state lifetime
7=n/T. Use h = 6.58 x 107 0eV -5 [6, 14].

Solution 22.6

~ 6.58 x 107%eV -5
B 0.10eV
This lies in the compound-nucleus range 10716-10715 s, far longer than a direct transit time
~1072%s.

= 6.6 x 107 5.

Problem 22.7: Why excited residuals lower K

From Q + K, = Ky + Ky + AF, explain why peaks corresponding to higher AE appear at
lower K} in a fixed-angle spectrum for fixed K, [6, 1].

Solution 22.7

For fixed entrance energy K, and fixed @, the sum Kj + Ky + AF is fixed. Increasing AF

reduces the kinetic energy available to share between b and Y. At a fixed angle the kinematic
solution for K} therefore decreases: excited-state peaks sit at lower detected energy than

the ground-state peak. That is the basis of missing-mass / reaction spectroscopy.
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