Chapter 1

Nuclear Fusion 1

“Fusion powers the stars: light nuclei climb the binding curve toward iron, releasing energy,

if they can tunnel the Coulomb barrier.”

standard astrophysical summary [6, 14]

Fission exploits the decline of B/A for heavy nuclei. Fusion exploits the rise of B/A for
light nuclei. This chapter reads the binding-energy curve as a map of energy release, derives the
fusion @-value from binding energies with a neon—neon example, introduces the sharp-surface
contact estimate Veontact = Z21Z2€2/[4meq(r1 + 12)], evaluates its scale for Ne + Ne and p + p,
and explains why stellar fusion proceeds by quantum tunneling at thermal energies far below
the barrier [6, 1, 14, 2].

1.1 The binding-energy curve: fission right, fusion left

Figure 1.1 summarises nuclear energetics. The label “most stable” in the original slide should be
read as “near the maximum of B/A”: among measured nuclides 52Ni has the largest binding
energy per nucleon, whereas %Fe is especially abundant and is commonly used to mark the end

of exothermic stellar burning.

o B/A rises steeply from the lightest nuclei toward A ~ 56-62 (the Fe-Ni region).

o After the peak, B/A decreases slowly through the heavy elements.

Any nuclear rearrangement that increases the total binding energy decreases the rest mass and

releases energy Q = (AM)c?.

Fission (right of the peak). A heavy parent (A ~ 240, B/A ~ 7.6 MeV) splits into medium-
mass fragments nearer the peak (B/A ~ 8.5MeV). Energy is released; this was the subject of
Lectures 23-24.

Fusion (left of the peak). Two light nuclei combine into a heavier product still left of or
nearer the peak. The product has larger B/A than the reactants, so energy is released. The

classic laboratory example is

D+ T — *“He+n+ 17.6 MeV, (1.1)
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Figure 1.1: Binding energy per nucleon B/A versus mass number A, cleanly cropped from the original
Lecture 26 figure. The peak near iron/nickel marks the most tightly bound nuclei. Fusion of light nuclei
(left of the peak) and fission of heavy nuclei (right of the peak) both move systems toward higher B/A
and release energy. Re-extracted from PH5001 lecture material (Prof. Bharat Kumar).
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and in stars the pp chain begins with p +p — d +e* + v.

Key idea

Fusion: light nuclei join and move up the B/A curve toward iron. Fission: heavy nuclei
split and move up the B/A curve from the other side. Both release energy; both are blocked
by barriers (Coulomb for fusion, deformation for fission).

Beyond the Fe-Ni peak, charged-particle fusion generally ceases to be a steady energy source.
Most nuclei heavier than iron are assembled instead by slow or rapid neutron capture followed
by 8~ decays; explosive environments can also drive selected endothermic charged-particle and
photodisintegration sequences. Thus “fusion stops at iron” is a statement about stellar energy

generation, not a claim that heavier nuclei cannot be synthesized [1, 2].

1.2 Fusion Q-value from binding energies

For a general fusion reaction

XA4Y 5 Z 4, (1.2)

the Q-value is
Q= [Mx+ My — Mz —---]c (1.3)

Writing each mass as Mc? = Y. myc? — Ep and cancelling free nucleon masses (when nucleon

number is conserved) yields the binding form
@ = Ep(final) — Ep(initial). (1.4)

Fusion releases energy when the product is more tightly bound than the sum of the reactants:
Ep(final) > Ep(initial).

1.2.1 Binding bookkeeping for the radiative neon channel

Consider
2Ne + 2Ne — 29Ca + 7. (1.5)

(This is a valid radiative-capture channel for binding-energy bookkeeping, but it is not represen-

tative of the dominant decay of the highly excited “°Ca* compound system.)
Rest energy before fusion. One neon nucleus has rest energy

E(*Ne) = (10m, + 10my,)c¢* — Eg(**Ne). (1.6)
Two neon nuclei contribute

Epefore = 2(10my, 4+ 10my,) ¢ — 2E5(*°Ne). (1.7)
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Rest energy after fusion.
E(*Ca) = (20m,, + 20m,)c* — Ep(*°Ca). (1.8)
@-value.

Q = Ebpefore — Fafter
= 2(10m,, + 10my,)¢* — 2E5(Ne) — [(20m,, + 20m,,)c* — Ep(Ca)]
= Fp(*°Ca) — 2E5(*Ne). (1.9)

Equivalently, in terms of binding per nucleon,

= 0[(4)e ()

Since (B/A)ca > (B/A)Ne on the rising part of the curve, Q > 0. The raw lecture estimated

(1.10)

Q@ ~ 23 MeV from a schematic B/A graph. Evaluated atomic masses give a more accurate result.
Because both sides contain 20 electrons when neutral-atom masses are used, electron masses

cancel:

Q = [2M,(*Ne) — M,(*°Ca)|
= [2(19.992 440 1762) — 39.962 590 863] u ¢
=0.0222894894uc? = 20.76 MeV, (1.11)

where 1uc¢? = 931.494 MeV. Thus the original binding-energy logic is sound, but its graph-read
value is about 2.2 MeV too large. For the idealized radiative-capture channel in Eq. (1.5), the
energy ultimately appears in the photon and calcium recoil [27, 6].

At neon-burning energies the compound nucleus has open particle channels. Representative

measured two-body exit channels include

2Ne 4 2Ne — 30Ar + a, (1.12)
2Ne 4 ?Ne — 3K + p. (1.13)

Additional multi-particle channels occur as energy increases. Their Q-values must be computed
from the masses of the actual final products; the 20.76 MeV value above belongs only to the
radiative %°Ca + v channel [27, 1].

Equation (1.4) is the same identity used for fission (Q = EB frag — EB parent). Only the

direction of motion on the B/A curve changes.
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1.3 The Coulomb barrier

Although fusion of light nuclei is energetically favoured, the nuclei are positively charged. They
repel until they approach within the range of the attractive nuclear force (~ a few fm). The
electrostatic potential energy at centre-to-centre separation 7 is

_ Z1Z9€?

Vel(r) = (1.14)

Amegr
As r decreases, Vo rises. When the nuclear surfaces touch, the nuclear attraction rapidly
dominates and the potential drops into a deep well. The value of V¢ at contact provides a useful

sharp-surface estimate:

212262

R 1.15
47T€0(T1+’I“2) ( )

V;:ontact =

The actual barrier Vg is the maximum of the combined Coulomb, nuclear, and centrifugal
effective potential; it depends on diffuse nuclear density profiles, angular momentum, and the

adopted ion—ion potential.

Schematic 2°Ne+2°Ne fusion barrier

Vg =20.6 MeV

20 +
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Figure 1.2: Schematic effective potential for 2°Ne + 2°Ne. The Coulomb tail rises toward the contact
radius, while the short-range nuclear attraction produces an interior well. The contact estimate is
Veontact = 20.6 MeV; a quantitative barrier requires an ion—ion potential and partial-wave specification.

Nuclear radii follow the empirical law
r=roAl/3, ro ~ 1.2 fm. (1.16)

A convenient numerical constant is

e2

~ 1.44MeV - f 1.1
Ireg eV - fm, (1.17)

SO
21Z2 x 1.44 MeV - fm

Sl )

(1.18)

‘/contact ~
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1.3.1 Example: neon—neon

For two ?°Ne nuclei, Z; = Z» = 10, A = 20:
=71y =12x20"Y3fm ~ 1.2 x 2.71 fin ~ 3.26-3.5 fm (1.19)

(using the lecture’s 3.5 fm estimate). Contact separation r; + ro ~ 7.0 fm, so

10 x 10 x 1.44 MeV - £
Veontact = —— X7 o VM 20.6 MeV ~ 20 MeV., (1.20)

Classically one needs ~ 20 MeV of relative kinetic energy to surmount the barrier.

1.3.2 Example: proton—proton
For p + p, Zy = Z5 = 1. If one adopts the conventional pedagogical contact scale R = 2 fm,

1x1x1.44MeV - fm
Veontact = 5 m =0.72MeV. (1.21)

The proton has no sharp classical surface, so 0.72 MeV is a contact-scale estimate rather than
a uniquely defined barrier height; changing the chosen strong-interaction radius changes this
number. It nevertheless shows that the Coulomb scale is huge compared with thermal energies
in the solar core (Section 1.4) [6, 1, 14, 2].

Veontact = Z17Z2€2/[Amen(ry + 12)], 7 = 19AY3. Ne + Ne: Veontact ~ 20MeV. p + p:
Veontact ~ 0.72 MeV, subject to the chosen contact radius. The Coulomb scale grows rapidly
with Z1 Zs.

1.4 Classical threshold vs quantum tunneling

1.4.1 Classical requirement

Classically, fusion requires relative kinetic energy

AV

Er > Vg, Ve ~V, =
k B B contact 47'('60(7”1 T 1"2)

(1.22)
in the sharp-surface estimate. Accelerators can supply tens of MeV and drive fusion reactions
for nuclear physics studies, but the energy invested in the beams typically exceeds the energy

recovered from @Q: accelerators are not practical power plants.

1.4.2 Quantum tunneling and reduced mass

Separate the two-body motion into centre-of-mass and relative coordinates. The relative
coordinate behaves as one particle of reduced mass
mime

1
m1+m27 2,U/U 5 v U1 () ( )
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For ¥ < Vihax, WKB gives

P(E) ~ exp l_2/R7"C \/Q,U[Vch(r) - L] dr] K K Z1Z5€? (1.24)

T =
) C E7 47750 ’

where R ~ r1 + 19 and r. are the inner and outer turning points. At thermonuclear energies
R/r. < 1. With r = r.sin? 6, the leading Coulomb integral is

re 2u(K/r — E) 4Br. [2p (72,
2 — JEE
/0 N dr . E/o cos“ 6df

K [2p  2mK
S VE T TR ST (125)

because [ /2 cos? 0 = m/4. The Sommerfeld parameter and Gamow energy are therefore

_JEs
E

Finite- R and nuclear-structure effects are later absorbed into the measured cross section and

K

=5 = legagv P(E) o ™™ = exp . EBc=2uc(raZi1Z)?.  (1.26)

astrophysical S-factor. Since 271 o 1/v oc E~1/2, penetration rises exponentially with energy.
This is the same physics as « decay (Lectures 16-17), run in reverse: instead of tunneling out,

the nuclei tunnel in [6, 14].

1.4.3 Thermonuclear fusion
In a hot plasma the kinetic energy is thermal. The mean kinetic energy of a particle is

(By) = ngT. (1.27)

Fusion powered by the thermal motion of a plasma is called thermonuclear fusion. It is the
energy source of main-sequence stars and the goal of magnetic and inertial confinement fusion

devices.

Room temperature. At T ~ 300K,
kpT ~ 0.026 6V, (1.28)

utterly negligible compared with even the pp barrier of 720keV. The tunneling probability is

zero for practical purposes.

Temperature for EF; ~ 150keV. Set %kBT = 150keV, so kT = 100keV:

100 x 103 eV

T =
8.617 x 105 eV/K

~ 1.16 x 10°K. (1.29)

This calculation only asks what temperature would make the mean single-particle energy 150 keV;
it is not an ignition condition. Practical D-T plasmas use kgT of order 10keV and still rely on

tunneling.
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Solar core. The Sun’s core has T ~ 1.5 x 10" K, so
kT ~ 1.3keV, (Ey) ~ 2keV (1.30)

(order 1keV in the lecture’s estimate). Thus Viyax/kpT =~ 720/1.3 ~ 550. Fusion in the Sun is

possible only because of tunneling, aided by two further facts:

(i) the Maxwell-Boltzmann distribution has a high-energy tail, so some protons have E >
(Ek);

(i) the solar core is extremely dense (p ~ 150 gcm™2) and huge, so even a tiny rate per pair

yields enormous luminosity.

Do not equate kT with the barrier height. Stars and fusion reactors operate with

kT < Vpax; the Gamow tunneling factor and the Maxwell tail jointly set the rate
(Lecture 26).

1.4.4 Salpeter plasma screening

The Coulomb field in a plasma is weakly screened by surrounding electrons and ions. In the
Debye—Hiickel limit the screening cloud lowers the free-energy cost of bringing charges Z;e and

Zse together. Salpeter’s weak-screening result multiplies the unscreened thermonuclear rate by

Z1Z262 ) e? 2
= —— | > 1, R = E zZz. 1.31

fsc exp<47T€0RD]€BT D e’;‘okBT S MsZs ( )
This is a modest rate enhancement under solar-core conditions, not removal of the Coulomb

barrier. Its validity requires weak screening; that condition is stated explicitly in Lecture 26 [36].

1.5 Maxwell tail and barrier penetration

In a gas at temperature T the speed distribution is Maxwellian. A fraction of particles has

kinetic energy many times kgT"
E~10kpT, 20kpT, ... (1.32)

Those particles tunnel far more readily because 27 o« 1/v o« 1/v/E. The fusion rate is

—E/kBT and the rising

therefore dominated by a compromise between the falling Maxwell factor e
penetration factor e~?/ VE The product peaks at the Gamow peak, derived properly in the
next chapter.

The barrier penetration probability for energy E may be written as a WKB integral between

classical turning points 71 and ro:

P~ exp<—2 /: \/ %(V(r) - E) dr) , (1.33)
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with V(r) = Z1Z2€?/(4meor) outside the nuclear well. Increasing E shrinks the integration range

and the integrand, so P grows rapidly with energy [6, 14, 2].

1.6 Reaction rate preview

The number of fusion reactions per unit volume per unit time between species X and Y is

nxny

= T ge (o), (1.34)

Xy

where nyx, ny are number densities, o is the fusion cross section, v is the relative velocity,
and (ov) is the thermal average. The Kronecker delta supplies 1/2 for identical reactants, so
each unordered pair is counted once. The energy generation rate is rxy () per unit volume.
Concentrations and temperature therefore control stellar luminosity and the performance of
fusion devices. The full derivation of R from beam-target geometry, the 1/v? low-energy cross
section, and the S-factor form of the low-energy cross section, and the Gamow peak occupies
Lecture 26.

o B/A peaks at Fe/Ni: fusion left of peak, fission right of peak.
e () = Ep(final) — Ep(initial); for Ne + Ne — Ca, Q = Ep(Ca) — 2E(Ne) = 20.76 MeV.

o The sharp-surface contact estimate is Veontact = Z1Z2€2/[4meq(r1 + r2)]; Ne + Ne ~
20 MeV, while the quoted pp ~ 0.72MeV depends on the chosen contact radius.

e Thermonuclear fusion: F ~ kpT < Vijax; tunneling P 6_27”7; solar core T ~
1.5x 107K, E ~ 1keV.

o Salpeter weak screening multiplies the unscreened rate by fsc > 1 in a weakly coupled

plasma.

o Rate rxy = nxny(ov)/(1+ dxy) (derived next).

1.7 Deeper physics: Coulomb barrier and sub-barrier tunneling

1.7.1 Contact Coulomb barrier

For two nuclei of charges Zie and Zse and radii R; = rgAi / 3, the Coulomb potential at contact
is
Z1 Zye?

= — 1.
Vel + Re) = o e iy (1.35)

This sets the scale of the fusion barrier height Viyax in a one-dimensional model [6, 14]. Because
Vo x Z125 /Al/ 3 heavier-projectile combinations face higher barriers and require higher centre-

of-mass energy for appreciable fusion [1, 53].
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Barrier heights for light and heavy fusion

For 2C +!2 C with Ry + Ry ~ 5.2fm and 717> = 144, Viyax ~ 2.5MeV [6, 14]. For
48Ca +248 Cm (2122 = 4800, Ry + Ry ~ 12fm), Vipax =~ 30 MeV [53]. Stellar burning never

reaches these heavy-ion barriers in equilibrium; superheavy synthesis relies on sub-barrier

tunneling and evaporation-residue survival.

1.7.2 Sub-barrier tunneling

Classically, fusion requires Fon > Vinax. Quantum mechanically, the colliding nuclei tunnel
through the barrier. The Gamow penetration factor for fusion mirrors o decay (Lectures 16-17)

with incoming rather than outgoing boundary conditions:

P ~ exp [—% /Rb \/2u(V(r) — E) dr] . (1.36)

At energies well below Viax, P rises steeply with E. Deformed targets and transfer channels can
enhance sub-barrier fusion beyond the s-wave estimate, while quasifission removes flux before
evaporation [53, 14]. Terrestrial D-T reactors operate at T ~ 10® K where the Maxwellian tail

supplies enough E > Vjax events, supplemented by tunneling (Lecture 26) [1, 2].

Assumptions of the one-dimensional barrier model. The sketch neglects angular
momentum (centrifugal barrier), nuclear absorption, and compound-nucleus lifetime. It
remains the correct first estimate for why fusion rates are exponentially sensitive to Z;Zs

and why the Sun burns hydrogen slowly enough to shine for gigayears [36, 6].

1.7.3 The S-factor connection to Lecture 26

Laboratory fusion data are reported as S(E) = E o(E) exp(\/Eg/E), removing the steep Gamow
energy dependence [14, 36]. The same WKB exponent that appears in « decay (Lectures 16-17)
defines Eg = 2u(maZiZahe)?. Sub-barrier heavy-ion fusion cross sections are therefore the
incoming-channel counterpart of a-decay rates, with S(F) playing the role of a nuclear structure
factor analogous to the preformation factor S, [6, 53]. Stellar rates integrate S(E) over the

Maxwellian Gamow peak (Lecture 26).

1.7.4 Lawson criterion and ignition temperature

Terrestrial fusion must exceed losses as well as penetrate the Coulomb barrier. A crude Lawson
criterion requires the product of density n and energy confinement time 7 to exceed a threshold
that depends on temperature and fuel cycle [1, 6]. For D-T, (ov) peaks near T ~ 108 K; for
p+ p in the Sun, the peak is at much lower T" but the weak pp step limits the overall burn rate
(Lecture 26) [36, 14]. Magnetic and inertial confinement schemes both operate in the sub-barrier
tunneling regime rather than at F = Vipax [2, 1].

Coupled-channel barrier distributions replace a single barrier height with a weighted set

of eigenbarriers. Measuring fusion excitation functions below the nominal barrier therefore

10
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constrains deformation and transfer couplings. For SHE, the evaporation-residue cross section

folds fusion probability with survival against fission: both pieces are uncertain.

1.8 Further physics from the literature

Sequence and scope. The presentation follows the pedagogical order used in H. C. Verma’s
nuclear physics series: fusion energetics and the Coulomb barrier; thermonuclear reactors; then
stellar fusion, neutrinos, and stellar nucleosynthesis. The two PH5001 source lectures are
reorganized across Chapters 25—26 in that order, with reaction-rate calculus placed between the

barrier and applications [32].

Stellar versus terrestrial fusion. A star confines plasma gravitationally for millions to
billions of years and can obtain useful luminosity from extraordinarily slow reactions. In
particular, p + p — d + e™ + v, requires the weak interaction, which makes the Sun stable
on gigayear scales. A terrestrial device has a much smaller fuel inventory and confinement
time, so it chooses the much faster strong reaction DT, heats the plasma externally, and must
recover energy while replacing radiative, transport, and particle losses. “Lowest Coulomb barrier”
alone therefore does not determine the fuel: nuclear matrix elements, resonances, density, and

confinement matter as well.

Stellar burning stages. Hydrogen burning (pp chain and CNO cycle) dominates main-
sequence stars. When core hydrogen is exhausted, contraction raises T' until helium burning
(3 — 12C) ignites, then carbon, neon, oxygen, and silicon burning in massive stars, ending at

the iron peak where fusion no longer releases energy [14, 6, 2].

Screening and plasma effects. The derivation uses bare nuclei. In a plasma, correlations
among electrons and ions lower the free-energy cost of bringing two reacting ions together. In
weak screening the rate is multiplied by an enhancement fs. > 1; one should not describe this as
simply replacing the Coulomb potential by a constant lower barrier over all radii. Laboratory
targets also have bound electrons and require a distinct electron-screening correction before their

data are extrapolated to a stellar plasma [14, 36].

Laboratory fusion approaches. Magnetic confinement (tokamaks, stellarators) and inertial
confinement (laser or ion-beam driven pellets) both aim for thermonuclear D 4+ T conditions.
Neither is required to reach E = Viax; both rely on tunneling at T ~ 103K [1, 2].

Connection to o decay. The Gamow factor for fusion is the time-reversed cousin of the
Gamow factor for o emission (Lectures 16-17). The same WKB integral appears with incoming

versus outgoing boundary conditions [6, 14].

Reading guide

Krane [6] (fusion overview and barriers); Dunlap [1] (energetics); Basdevant [14] (stellar

fusion and S-factors); Demtroder [2] (experimental and astrophysical context).

11
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1.8.1 Sub-barrier fusion cross section scaling

Below the Coulomb barrier, the fusion cross section is dominated by tunneling. A useful

parameterisation writes

_ Z1Zae?
- dreghv’

o(8) ~ 2B op(omn)),  n(E)

= (1.37)

where 7 is the Sommerfeld parameter [14, 6]. As E — 0, n — oo and o — 0 exponentially.
Coupled-channel calculations show that static deformation can enhance o(F) by an order of
magnitude at fixed E because the effective barrier is lowered along the orientation that aligns

the major axis [53].

Sub-barrier 2C +!2 C fusion

At Ecy = 2 MeV, well below Vipax ~ 2.5 MeV, measured fusion cross sections are ~ 104 mb,
many orders of magnitude below ogeom A 850mb [6, 14]. The same Gamow exponent that
gives tq /9 ~ 10~" s for 212Po « decay (Lecture 17) governs this incoming channel. Stellar '2C

burning occurs at temperatures where the Gamow peak sits near Ey ~ 1.5MeV (Lecture 26)
[36].

1.8.2 From Coulomb barriers to stellar Gamow peak

Terrestrial magnetic confinement operates at T ~ 108 K where kgT ~ 10keV, comparable to
D-T barrier penetration energies. Stellar cores at T ~ 1.5 x 10" K have kT ~ 1.3keV, far
below the p + p barrier, yet burn steadily because (ov) integrates over a Maxwellian tail [36, 2].
Screening in the plasma enhances rates by exp(U./kpT) with U, ~ 1-2keV at solar density

[14, 36]. The lecture barrier estimate is therefore a zero-screening baseline.

Quasifission in heavy-ion fusion removes flux before compound-nucleus formation, analogous
to hindrance factors suppressing o decay without changing the barrier integral. SHE
synthesis cross sections are limited by both tunneling and survival against fission (Lecture 23)
[53, 54].

1.8.3 Terrestrial D-T versus stellar pp burning

Terrestrial fusion targets D-T because (ov) peaks near T' ~ 108 K with a manageable confinement
requirement [1, 6]. The solar pp chain relies on the same tunneling physics at 7' ~ 1.5 x 10K
where the weak p + p step sets the overall timescale (Lecture 26) [36, 14]. The Coulomb barrier
for p 4+ p is lower than for D-T, but the weak interaction makes pp enormously slower than
D-T at comparable temperature. This contrast explains why stars are stable for gigayears while
fusion devices require external heating and choose the fastest exothermic strong-interaction
channel available [2, 36].

12
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1.8.4 Electron screening in laboratory versus stellar plasmas

Laboratory fusion experiments on solid targets require electron-screening corrections before
extrapolating to bare-nucleus astrophysical rates [36, 14]. In stellar plasmas, weak Debye
screening enhances rates by fs =~ exp(U./kpT) without replacing the Coulomb barrier by a
constant lower value at all radii [36]. The lecture contact-barrier estimate is the zero-screening
baseline; Solar Fusion III curates recommended S-factors together with screening uncertainties
for each light-ion channel [36, 6]. Sub-barrier heavy-ion fusion for SHE synthesis adds coupled-

channel and quasifission complications beyond either screening correction [53, 54].

1.9 Deeper reading: Coulomb barriers, coupled channels, and
SHE

The contact Coulomb barrier Zy Zae?/(4meg(Ry + Ra)) sets the scale for light-ion fusion and for
heavy-ion synthesis. Sub-barrier fusion is enhanced or suppressed by deformation and transfer
channels in coupled-channel models. Quasifission can remove flux before a compound nucleus
forms, which is why SHE cross sections are not simple tunneling estimates.

Stellar fusion of light nuclei (Lecture 26) uses the same barrier physics at much lower energies,
packaged as S-factors. Estimate barriers for 12C 4+ 12C and for a *8Ca-induced SHE reaction to

feel the gap between astrophysics and superheavy programmes.

Barrier distributions

Experimental fusion barrier distributions are extracted from derivatives of excitation functions.
Peaks correspond to couplings to rotational or vibrational channels. Comparing a spherical

projectile on a deformed target versus the reverse kinematics tests the coupling picture.

Survival probability

Forming a compound nucleus is not enough: it must survive fission to reach the ground state by
neutron evaporation. Shell-stabilised residues have higher survival. That competition, not the

Coulomb barrier alone, limits SHE synthesis rates.

Barrier comparison

Estimate contact barriers for pp, 2C + 12C, and *®Ca + ?*8Cm. The progression from kilo-
electronvolt stellar scales (after tunneling) to hundreds of mega-electronvolts for SHE entrance
channels shows why astrophysics and superheavy synthesis share formulas but not facilities.

Discuss one coupled-channel effect qualitatively: a deformed target presents a lower barrier
at the tips, enhancing sub-barrier fusion. Then note quasifission as a competing dynamical
process that can still suppress residue formation. Lecture 26 next packages the light-ion end of
this physics into stellar rates; SHE research lives at the opposite extreme of the same tunneling
idea.

Fusion tunneling unifies stellar burning and superheavy synthesis. Coupled channels and

quasifission decide how far simple barrier estimates can be trusted.

13
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In practice, rework one numerical estimate from the lecture with a different parameter set and
compare the shift to the quoted experimental uncertainty. If the shift exceeds the uncertainty,
the estimate is teaching a scale, not delivering a fit. That distinction keeps theoretical cartoons
honest when they sit beside evaluated data tables and modern many-body calculations. Along
the course arc, write one sentence linking this chapter backward and one forward: the discipline
of those two sentences is as important as any single formula. Examination problems rarely ask

for a literature review, but they do ask for the scale argument that literature reviews presuppose.

Synthesis problem

Write a half-page note that (i) restates the chapter’s central scale or selection rule in one equation,
(ii) evaluates it numerically for one concrete nucleus or energy, and (iii) names the neighbouring
lecture that uses the result. Keep the note free of research-frontier speculation; the goal is
fluency with the lecture physics itself. If an assumption fails (Born approximation, spherical
mean field, allowed transition, one-dimensional barrier), state the failure mode in a final sentence.
That habit converts passive reading into examination-ready understanding and makes the later

research-frontier box read as an extension rather than a replacement.

Research frontier: sub-barrier fusion and superheavy synthesis

Coulomb-barrier tunneling (Lecture 25) governs both stellar burning and heavy-ion fusion
used to synthesise superheavy elements. Coupled-channel models show that deformation
and transfer channels can enhance or suppress sub-barrier fusion relative to a single-
barrier estimate [53]. Synthesis of elements beyond oganesson requires new projectile—
target combinations and higher beam intensities; theory and experiment remain tightly
coupled [52]. For light systems, recommended astrophysical S-factors are curated in Solar
Fusion III, providing a complementary low-energy application of the same tunneling physics
[36]. Uncertainties that still limit SHE programmes include fusion-evaporation survival
probabilities, the role of quasifission, and incomplete knowledge of optimal excitation
energies. The lecture’s barrier-penetration estimate is the right starting point before those
coupled-channel and dynamical complications are added.

In SHE synthesis, the competition between fusion and quasifission means that a larger
geometric overlap does not automatically yield more evaporation residues. Coupled-channel
enhancement at sub-barrier energies can be offset by dynamical breakup of the composite
system. That tension is the modern reading of the lecture tunneling estimate.
Quasifission can erase a coupled-channel fusion gain, which is why SHE cross sections
remain hard to predict from barrier height alone.

Proposal writing for new SHE reactions therefore mixes tunneling estimates with dynamical
transport simulations.

Student directions. (1) Barrier estimate: compute the contact Coulomb barrier for 2C +12C
and for ¥8Ca + 2#Cm. (2) Qualitative reasoning: explain why a deformed target can
increase the sub-barrier fusion probability. (3) Literature status: summarise attempts to

synthesise Z = 119 or 120 from a recent review [53].

14
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1.10 Problems with solutions

Problem 25.1 — @ from B/A for D+ T

The reaction D + T — “He 4+ n has Q = 17.6 MeV. If the total binding energy of D + T is
B, and that of ‘He is B, = 28.3 MeV (the neutron is unbound as a free particle, B, = 0),
find B; from Q = By — B; and comment [6, 1].

Solution 25.1

Step 1. Final binding: By = B, + B, = 28.3 MeV.
Step 2.
Q=B;y-B;, = DB;=DB;y—Q=283-17.6=10.7MeV.

That matches B(d) + B(t) ~ 2.2 + 8.5 = 10.7MeV. Fusion increases total binding by
17.6 MeV.

Problem 25.2 — Neon fusion ) structure

Starting from rest energies expressed with binding energies, derive Q = Ep(*°Ca) —
2E5(*Ne) for Ne + °Ne — 40Ca + 4. Then use M,(*°Ne) = 19.992440 1762,
M, (*°Ca) = 39.962590 863 u, and 1uc? = 931.494 MeV to check the lecture’s graph-read

estimate.

Solution 25.2

Step 1. Follow Egs. (1.7)—(1.9): nucleon mass terms cancel, leaving @ = Ep(Ca) —
2Ep(Ne).
Step 2. Atomic masses may be used directly because 20 atomic electrons occur on each
side:

AM =2(19.9924401762) — 39.962 590 863 = 0.022 289 4894 u.

Step 3.
Q = AMc* = (0.022 289 4894)(931.494) = 20.76 MeV.

The corresponding exact difference in binding per nucleon is /40 = 0.519 MeV, not
the schematic 0.58 MeV. The original derivation is correct; only its low-resolution graph

estimate needed correction [27].

Problem 25.3 — Coulomb barrier for 2C + 12C

Estimate Viyay for two '2C nuclei. Use r = 1.2 AY/3 fm and e?/(4meg) = 1.44 MeV - fm.

Solution 25.3

Step 1.
r=12x12"/3=1.2x2.29 ~ 2.75 fm, 1 4 79 = 5.50 fm.

15
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Step 2.
6x6x144 51.84

5.50 ~ 5.50

Carbon burning in massive stars must tunnel a ~ 10 MeV barrier [6, 14].

Vinax = ~ 9.4 MeV.

Problem 25.4 — pp contact scale and solar kT

Show that Veontact (pp) = 0.72 MeV if the pedagogical contact radius is chosen as r; + ry =
2fm. At T = 1.5 x 107 K, compute kgT in keV and the ratio Veontact/kBT -

Solution 25.4

Step 1.

1.44 MeV - f
Vcontact = —2 ;n o = 0.72MeV.

Step 2.
kT = (8.617 x 107°eV/K) x 1.5 x 10" K ~ 1.29 x 1036V ~ 1.3keV.

Step 3.
‘/contact o 720 keV ~

kgT ~— 1.3keV

The proton has no sharp classical surface, so this is a radius-dependent Coulomb scale, not

550.

a uniquely measured barrier. Its enormous ratio to kg7 still demonstrates why solar fusion

requires tunneling [6, 2].

Problem 25.5 — Temperature for 150 keV

What temperature T gives %kBT = 150keV? Compare with the solar core temperature.

Solution 25.5

100 x 107
~ 8.617x10-°
This is about 80 times hotter than the solar core (~ 1.5 x 10" K). Laboratory fusion

concepts operate near 10® K with tunneling still essential [1, 14].

kpT = 100keV, T ~ 1.16 x 10° K.

Problem 25.6 — Fusion vs fission energy per nucleon

Compare /A for (a) fission with @ = 200 MeV, A = 236; (b) D + T fusion with Q =
17.6 MeV and 5 nucleons in the reactants. Which releases more energy per nucleon?

Solution 25.6

~
m |
~

Q 200
— = —=~0.85M leon.
1= 236 0.85 MeV /nucleon

16
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(b)
Q _ 176

A 5

= 3.52 MeV /nucleon.

Fusion of light nuclei releases several times more energy per nucleon than fission, which is

why fusion fuels are attractive despite the barrier challenge [6, 1].
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