Chapter 1

Nuclear Fission 1

“The discovery of fission, and its interpretation as a liquid-drop splitting, transformed nuclear

physics from a laboratory science into a source of industrial power.”

standard historical assessment [6, 14]

Nuclear fission is the splitting of a heavy nucleus into two fragments of comparable mass.
Every commercial nuclear power reactor extracts energy from this process. In this chapter we
define fission, recount the 1938-1939 discovery, derive the @)-value for symmetric fission from the
semi-empirical mass formula (SEMF), obtain the energetic condition Z2?/A > 17.6, and explain
why nuclei that are energetically free to fission still do not spontaneously split: the fission barrier
of the Bohr—Wheeler liquid-drop picture. Neutron-induced fission and the compound-nucleus

mechanism close the discussion and prepare the following lecture, Nuclear Fission II, [6, 1, 14, 2].

1.1 Definition and energy scale

Fission is the nuclear reaction in which a heavy parent X splits into two roughly equal fragments
Y and Z,
X -Y+Z7 (A%Al—i-AQ,Z%Zl—i-ZQ). (1.1)

“Roughly equal” means the two fragments have comparable mass numbers; the extreme opposite
is light-particle emission («, proton, neutron), already treated in earlier chapters. In practice
a few free neutrons are also emitted, so a more complete schematic is X — Y + Z + vn with
v ~ 2-3. The essential physics is still the binary split of a heavy system into two medium-mass

nuclei [6, 1].

Key idea

Fission: a heavy nucleus divides into two fragments of comparable mass (A; ~ As). Light-
particle emission is not fission. Typical energy release for A ~ 240 is of order 200 MeV per

event.

Why so much energy? The binding-energy-per-nucleon curve B/A versus A rises from
light nuclei to a broad maximum near iron and nickel (A ~ 5662, B/A ~ 8.7-8.8 MeV)
and then declines slowly for heavy nuclei. For uranium-region nuclei (A ~ 230-240) one has
B/A ~ 7.6 MeV; for fragments near A ~ 100-140 one finds B/A ~ 8.5 MeV. Moving nucleons
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from a low-B/A parent into higher-B/A daughters releases energy of order
Q ~ [(B/A)frag — (B/A)parent] A ~ (8.5 — 7.6) MeV x 240 ~ 216 MeV. (1.2)

That is the characteristic fission energy scale. A full SEMF derivation of when @) > 0 occupies
Section 1.4.

1.2 Historical path: neutrons, barium, and the liquid drop

Historical note

1932—1938: neutron irradiation and the search for transuranics. Chadwick’s discovery
of the neutron (1932) opened a new experimental tool: neutrons have no charge, so they are not repelled
by the nuclear Coulomb field and can enter heavy nuclei even at thermal energies. Fermi’s group in Rome
systematically bombarded elements with neutrons,; hoping that n capture followed by 8~ decay would produce
elements beyond uranium (transuranics). Many new radioactivities appeared; their chemical identification
was difficult [6, 2].

1938-1939: Hahn and Strassmann. Otto Hahn and Fritz Strassmann irradiated natural uranium
with neutrons and performed meticulous radiochemistry. Among the products they found an element that
behaved chemically like barium (Z = 56), not like a heavy transuranic homologue of radium. After repeated
checks they concluded that barium itself was present: a medium-mass element had been produced from
uranium (Z = 92) [6, 14].

1939: Meitner, Frisch, and Bohr—Wheeler. Lise Meitner and Otto Frisch interpreted the
result as a binary split of the uranium nucleus, by analogy with a charged liquid drop that divides when
deformed. They estimated the energy release from the mass defect and named the process fission. Niels Bohr
and John Wheeler then developed the liquid-drop theory of the fission barrier (1939), which still organises the
subject [6, 1, 14].

The chemical surprise (barium from uranium) forced a change of paradigm: neutron irradia-
tion of heavy nuclei does not only build slightly heavier species; it can also break the nucleus

into two pieces of intermediate mass.

1.3 Binding energy and the ()-value of fission

Write the binary fission of a nucleus 4 Xy as

XN — éllyz\h +§§ZN27 (1.3)
with
A=A+ A, Z =7+ Zs, N = N; + Ns. (1.4)

(We omit free neutrons for the mass-energy bookkeeping; they can be restored later without

changing the logic.) Nuclear masses in energy units are
Mc* = Zmyc® + N my,c? — Eg, (1.5)
where E'p is the total binding energy. The reaction ()-value is the decrease in rest mass,

Q= (Mx — My — Mz)c’. (1.6)
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Substitute (1.5) for each nucleus. The proton and neutron mass terms cancel by charge and

nucleon conservation, leaving
Q= Ep(Y)+ Ep(Z) — Ep(X). (1.7)

Fission releases energy if and only if the sum of the fragment binding energies exceeds the parent

binding energy: the fragments are more tightly bound per nucleon (and overall) than the parent.

Numerical estimate from B/A. Take Ep(X) = (B/A)x A with (B/A)x ~ 7.6 MeV and
Ep(Y)+ Ep(Z) =~ 85MeV x (A1 + A2) = 8.5MeV x A. Then

Q ~ (8.5 —7.6)MeV x A =0.9MeV x A. (1.8)

For A = 240,
Q ~ 0.9 x 240 = 216 MeV, (1.9)

as anticipated in (1.2). Systems tend toward lower rest-mass energy; fission of heavy nuclei is
therefore energetically favoured once the fragments sit on the high-B/A side of the binding curve
6, 1, 2].

Equation (1.7) is general: any rearrangement of nucleons that increases total binding

releases energy. Fusion of light nuclei, treated in later lectures, uses the same identity with

the opposite motion on the B/A curve.

1.4 Symmetric fission from the SEMF': full derivation

To estimate when symmetric fission is energetically possible without external energy, use one
nuclear-mass SEMF convention throughout this chapter, neglecting pairing and replacing Z(Z —1)
by Z2:

72 (A—22)?

M(A, Z)c2 = Zmpc2 + Nmpc? — apA + asA*? + ap—— + dsym I

=7 (1.10)

All a; are energies. We use a; = 17.8 MeV and a. = 0.711 MeV in every numerical illustration;
modest coefficient changes shift the thresholds because this is a liquid-drop estimate, not

evaluated barrier data [6, 1, 14]. Consider symmetric fission into two identical fragments,

A1 = A2 = é, Zl = Z2 = g (111)
2 2
The Q-value in energy units is
Q=M(A Z)*— 2M<;1, g) . (1.12)
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1.4.1 Term-by-term cancellation

Volume term. 4
—a,A — 2<—av2) = —au,A+a,A=0.

Volume energy is extensive; it cancels for any binary split that conserves A.

Asymmetry term. For the parent,

(A—27)?
asymT.
For one fragment,
(4/2-2(2/2))"  ((A-22)/2° = (A-22 2 (A-22)
sym AJ2 — Gsym A/2 = Geym 4 AT SmTToa
Two fragments contribute
(A—22)? (A—22)?
2 x asymT = asymTa

which exactly cancels the parent asymmetry term. Thus the symmetry energy drops out of Q)

for symmetric charge and mass partition.

Surface term.
A 2/3
Qs = a,A%3 — 24, <2) = a4 [1 -2 (27)] = 0, 4%3(1 - 2'/%),
Since 21/3 ~ 1.260,
Qs = a;A?3(1 —1.260) = —0.260 a5 A%/ (1.13)
The surface term is negative in (Q: two spheres have more total surface area than one sphere of

equal volume, so surface energy opposes fission.

Coulomb term.

72 (Z/2)? 72 Z%/4 72 7?2 51/3.

Using 2'/3/2 = 272/3 ~ 0.630,

2 2 2

Qe = e (12 /%) = 1= 0.630) = 0.370 ac —775-

= i (1.14)

The Coulomb term is positive in (Q: separating the charge into two smaller nuclei lowers the

electrostatic self-energy and favours fission.
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1.4.2 Net Q and the condition ) > 0

Collecting surface and Coulomb contributions,

2

_ 2/3
Q=-026as A" +0.37a, A3

(1.15)

(pairing neglected; volume and symmetry cancelled). Fission is energetically allowed when @ > 0;

whether it occurs spontaneously is a separate barrier-penetration question:

2

0.37ac —77z > 0.26.a, A3, (1.16)
or equivalently
Z%2  0.26as
— > = 1.1
A~ 037a, (1.17)

With the stated coeflicients,
0.26 x 17.8  4.63

0.37 x 0.711  0.263

Hence the classic energetic criterion

~ 17.6. (1.18)

Z2
Ve 17.6 (symmetric fission energetically possible). (1.19)

For nuclei along the valley of stability, Z/A ~ 0.4-0.45 at large A, so Z2/A ~ 0.16 A to 0.20 A.
The inequality Z2/A > 17.6 is then satisfied for

A > 100 (1.20)

(roughly). All nuclei with A 2 100 are, on pure rest-mass grounds, candidates for spontaneous

fission into two medium fragments [6, 1, 14, 2].

Symmetric fission Q from SEMF: Q = —0.26a,A42/3 + 0.37aCZ2/A1/3. @Q > 0 when
Z%/A > 17.6. Energetically, A > 100 can fission. Volume and symmetry terms cancel;

surface opposes, Coulomb drives fission.

Caution

Energetically allowed does not mean observed. Uranium and thorium have A > 100 and
Q > 0, yet they are long-lived. The reason is the fission barrier: intermediate deformed

shapes cost energy even when the final fragments lie lower than the parent (Section 1.5).

1.5 Why no spontaneous fission? The fission barrier

If @ > 0, why do 2*U and 238U exist? The nucleus cannot jump discontinuously from a single
sphere to two well-separated fragments. It must pass through a continuous sequence of deformed

shapes at essentially constant volume (nuclear matter is nearly incompressible). Along that path



Nuclear and Particle Physics Nuclear Fission I

the total energy E(r) of the liquid drop first rises, then falls toward the asymptotic Coulomb
repulsion of two fragments. The maximum of F(r) relative to the ground-state energy is the

activation energy or fission barrier height £, [6, 1, 14].
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Figure 1.1: Schematic fission barrier, cleanly redrawn from the deformation-energy discussion in the
original PH5001 Lecture 24 source: energy versus deformation (or fragment separation). The parent
ground state sits in a well; a barrier of height E'y separates it from scission and the asymptote —Q + C/r.
For A ~ 240, Ef ~ 5.5-6.5 MeV. The curve is schematic rather than evaluated data (Prof. Bharat Kumar,
PH5001; compare H. C. Verma, NPTEL Lect. 33).

Physical competition. As the drop elongates:

o Surface energy increases (larger surface area at fixed volume).

o Coulomb energy decreases (protons move farther apart on average).

Near sphericity the surface penalty dominates for moderate Z2/A, so E(r) rises. On the

parent-ground-state energy scale used in the figure, the large-separation asymptote is

71 76>

E _
(r) — Q@+ dmegr

, r — 00. (1.21)

The curve approaches —@Q, not zero; the positive 1/r term is the remaining fragment repulsion.

Between these limits a barrier peak appears (Fig. 1.1).

Energy reference. If the zero is chosen as two fragments at rest at infinite separation, the
intact parent lies @) ~ 200 MeV above that zero. In the more usual deformation-energy plot one
instead sets the parent ground state to zero; the separated products then lie at —(@Q), and the
saddle lies at +Ef. These are the same curve shifted by a constant. Confusing the two zeros

makes the roughly 200 MeV energy release look like the roughly 6 MeV activation barrier.
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Barrier height for heavy nuclei. Bohr and Wheeler estimated Ey from the liquid-drop

energy as a function of deformation. For uranium-region nuclei one finds typically
E; ~5.5-6.5MeV. (1.22)

Spontaneous fission then requires either (i) thermal or quantum tunneling through a barrier of
several MeV, which is extremely slow for A ~ 240, or (ii) supply of excitation energy comparable
to E¢ by a reaction (neutron capture, photon absorption, ... ). That is why uranium is metastable

on geological timescales despite @ > 0 [6, 1].

1.6 Deformation energy: ellipsoid calculation

A quantitative sketch of the barrier near sphericity follows Bohr and Wheeler. Start with a
spherical nucleus of radius R and deform it into a prolate ellipsoid of semi-axes a (long) and

b = b (equal short axes), at constant volume:

4 4
§7TR3 = gwabz = R?=ab’ (1.23)

Parametrise a small elongation by

a=R(1+¢), b= \/1]%? (1.24)

(so that ab? = R3 exactly). For small ¢,

e 32 3
b—R<1—2+8+O(€ ))

The square root and the factor 2 in the resulting fissility criterion are both lost in the OCR
transcription of the original source.

For a prolate ellipsoid define e = 1 — b?/a?. Its exact area is
2 a . 1
S = 2mh <1+Sln e).
be
Using e? = 3¢ — 62+ O(e?), sin"te/e = 1 +¢€2/6+3e* /40 + - - -, and the volume constraint gives
2 o
S So(1+z€%), (1.25)
where Sy = 47 R? is the sphere area. The surface energy therefore becomes
2/3 2 5
Fout = asA 1+ =< ) (1.26)

For a uniformly charged ellipsoid the shape dependence can be written

Ecou . E /oo ds
E(COO)ul 2Jo (B2+s)VaZ+s
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Expanding the integrand with the same a,b and evaluating the elementary integrals gives

zZ? 1,
Ecou = acA1/3 (]- - 55 ) . (127)
(Surface grows; Coulomb falls as charge spreads along the long axis.)
The change in energy relative to the sphere is
7Z? g2 Z?

2 1
_ _ _ 2/3 42 < 2 _ < 2/3
AFE(e) = E(e) — E(0) = asA FE TG e = g [QasA Qe 1/3] . (1.28)

Here AFE is the increase in total liquid-drop energy (equivalently the decrease in binding energy).
This sign convention corrects a common OCR ambiguity in the source, where B(e) — B(0) and
the deformation energy are interchanged. For the sphere to be unstable against infinitesimal

deformation (AE < 0 for any small € # 0), one needs

2/3 z?
2@814. < acm, (129)
or )
Z 2a
> ; . (1.30)
With the chapter-wide coefficients,
2a 35.6
~ —— =&~ 50.1. 1.31
Qe 0.711 20 (1.31)
Thus )
Z
— 1.32
o+ ~ 0 (1.32)

marks the loss of a barrier against small deformations: the nucleus is unstable at sphericity and

fissions spontaneously with no activation energy. Taking Z ~ 0.4A gives Z2/A ~ 0.16A, so
A 2 300 (1.33)

for barrierless spontaneous fission. No such nuclei exist as long-lived species; they would fission
on nuclear timescales. Between the energetic threshold Z2/A ~ 18 (A ~ 100) and the absolute
instability Z2/A ~ 50 (A ~ 300), nuclei are metastable: Q >0 but Ey >0 [6, 1, 14].

The ratio z = (Z2/A)/(Z?A)ais is the classical fissility parameter. For uranium, x ~ 0.7—

0.8: a finite barrier remains, but it is only a few MeV high.

1.6.1 Fissility and a Bohr—Wheeler barrier estimate

For a spherical liquid drop define

(0)
z _ Bo 2% (1.34)

(0) _ 2/3 ) _ _ Ye
Es CLSA s EC acA1/37 €T 2E§0) 2a4 A



Nuclear and Particle Physics Nuclear Fission I

Thus x = 1 is precisely the quadratic instability in Eq. (1.30). Keeping Z(Z — 1) rather than Z?2
gives the slightly more accurate classical expression but is immaterial for uranium. For 238U,
7Z2%/A = 35.56; with a; = 17.8 MeV, a. = 0.711 MeV, one obtains x ~ 0.71, so a finite barrier is
expected.

The small-¢ expansion proves local stability but cannot locate the saddle: a barrier height
requires a family of shapes extending from a sphere to a necked drop. In the classical Bohr—

Wheeler treatment one assumes

(i) an incompressible, uniformly charged drop with a sharp surface;

(ii) surface and direct Coulomb energies only (volume and symmetry terms are unchanged

along a fixed-A, Z, constant-volume path);

(iii) axial, reflection-symmetric shapes and no shell, pairing, rotational, or dynamical correc-

tions.

Writing the shape factors as
Euet(a) = BV [By(a) — 1] + Eg” [Be(a) — 1], B,(0) = Bc(0) =1, (1.35)

the physical liquid-drop barrier is the lowest saddle separating the initial minimum from scission:

B = i E 1.36
p = i ey (), (1:36)

where P runs over continuous deformation paths from the ground state to scission. The inner
maximum finds the saddle crossed by one path; the outer minimum selects the least-energy path.
Numerical minimisation over shape coordinates is the barrier calculation. There is no universal
elementary closed form because the result depends on the shape family. A frequently quoted

historical interpolation in the actinide region is

Z2
E{P (MeV) ~19.0 - 0.36 = (1.37)

and gives Ey ~ 19.0 — 0.36(35.56) = 6.2 MeV for **U. The constants 19.0 MeV and 0.36 MeV
are fitted interpolation coefficients, not additional SEMF constants, so Eq. (1.37) must not
be extrapolated to light nuclei or the superheavy region, nor presented as a universal Bohr—
Wheeler derivation. Modern barriers are double-humped and include shell, pairing, equilibrium-
deformation, and multidimensional-shape corrections. The robust Bohr—Wheeler result is the
surface-Coulomb competition and Ef — 0 as x — 1, while the several-MeV value for a particular

actinide is empirical/model-dependent [6, 14, 1].

1.7 Photofission and neutron-induced fission

1.7.1 Photofission

A v ray deposits energy without changing A or Z:
v 44X — fission products. (1.38)

9
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Photon absorption in heavy nuclei is strongest in the giant dipole resonance (GDR), where the
proton and neutron fluids oscillate against one another. Absorption forms an excited nucleus

with the original A, Z, but fission is only one decay branch:

Iy
Dp4+Tp 4T+

0y (Ey) = oans(Ey)

Near threshold barrier penetration controls I';; above particle threshold neutron emission can
compete strongly, and the GDR line shape controls o,s. Consequently photofission need not
rise monotonically or “saturate” above Ey. It probes both the barrier and channel competition
[6, 1].

1.7.2 Neutron-induced fission and the compound nucleus

A neutron can induce fission by forming a compound nucleus that is already excited:
A A+1 yr* .
n+°X — X" — fission products. (1.39)

The excitation energy of the compound system is essentially the capture Q-value plus the kinetic
energy of the neutron (centre-of-mass corrections are small for heavy targets). If that excitation
exceeds Ey, fission is likely; if not, the system must tunnel, and the fission cross section remains
tiny. Competing channels include elastic scattering and radiative capture (n, ).

Whether thermal neutrons suffice depends on the capture ()-value relative to the barrier of
the compound nucleus. That comparison for 23°U versus 238U is the central theme of the next
chapter [6, 1, 2].

e Fission: heavy X — Y + Z with Ay ~ Az; Q ~ 200 MeV for A ~ 240 from the rise in
B/A.

 History: neutron discovery (1932); Hahn—Strassmann barium (1939); Meitner—Frisch

interpretation; Bohr—Wheeler barrier theory.
« SEMF symmetric Q = —0.26a,4% +0.37a.2Z2/AY?; Q > 0 for Z?/A > 17.6 (A > 100).

 Barrier from surface vs Coulomb along the least-energy deformation path; £y ~ 6 MeV
for A ~ 240; no barrier for Z?/A 2> 50 in the stated SEMF convention.

e Induced fission: photofission reflects GDR absorption, barrier penetration, and decay

competition; neutron capture forms B* with excitation ~ Qcapture + Kn-

10
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1.8 Deeper physics: fissility Z2/A and the Bohr—Wheeler barrier

1.8.1 The fissility parameter

Liquid-drop fission balances Coulomb repulsion against surface tension. The dimensionless

fissility parameter
Z2
A

measures how strongly Coulomb destabilises a nucleus relative to its size [6, 14]. Empirically,

(1.40)

spontaneous fission half-lives shorten rapidly once Z2/A exceeds a critical value of order 45-47
[6, 1]. Light nuclei have small Z?/A and are stable against fission; very heavy nuclei with large Z
and moderate A sit in the fissile region where « decay, spontaneous fission, and cluster emission

compete (Lectures 16-17).

Fissility of actinides and lead

For 235U: Z%/A = 922/235 = 36.0. For 238U: 922/238 ~ 35.6. For 2%Pb: 822/208 ~ 32.3
[6]. Both uranium isotopes are fissionable with induced neutrons; 2°Pb lies well below
the spontaneous-fission threshold. The small difference in Z2/A between 23°U and 233U
combines with pairing effects to explain why thermal-neutron fission of 23*U dominates

reactor physics (Lecture 24) [1, 35].

1.8.2 Bohr—Wheeler barrier estimate

In the Bohr—Wheeler picture, fission proceeds by deforming the nucleus from a sphere of radius
R = rpA'/3 into two touching spheres. The Coulomb energy rises and the surface energy falls;

the barrier height is set by the competition. A schematic result is

2 2
Bj ~ agA*? <1 _Z /A> , (1.41)

as/ac

with surface and Coulomb coefficients ag and ac from the SEMF [6, 14]. When Z2 /A approaches
the critical value, By — 0 and fission becomes instantaneous on nuclear time scales. Shell cor-
rections modify this picture: double-humped barriers and asymmetric yields require microscopic

potential-energy surfaces (Lecture 24) [6, 54].

Same tunneling language as o« decay. Spontaneous fission can be viewed as tunneling
through a multidimensional barrier, the heavy-nucleus analogue of the Gamow integral
(Lecture 17). A 1 MeV uncertainty in barrier height can change the half-life by orders of
magnitude, which is why modern fission theory emphasises collective inertia and dissipation
alongside By [54, 6].

1.8.3 Induced fission and the compound nucleus

Neutron-induced fission proceeds through a compound nucleus X +a > C* — fi+ fo+n+---
with @ > 0 for fissile targets [6, 1]. The saddle barrier By is an extra energy requirement beyond

11
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the Q-value: fast neutrons supply enough excitation to overcome By in 2387, breeding 23*Pu
after 3~ decay (Lecture 24) [35]. The liquid-drop fissility Z2?/A explains why actinides fission
while lead does not, but asymmetric yields require shell corrections beyond (1.41) [14, 54].

1.8.4 Double-humped barriers and shape isomers

For actinides the fission potential-energy surface often shows two barriers with a secondary
minimum (shape isomer) at large deformation [6, 14]. Delayed fission and intermediate structure
in fission cross sections are experimental signatures. The simple single-barrier sketch of the
main lecture is the first approximation; microscopic calculations on multidimensional surfaces
reproduce the double-humped structure and the asymmetric valleys that drive mass yields
(Lecture 24) [54]. Spontaneous-fission half-life systematics correlate with Z2/A but show large
odd—even staggering from pairing [6, 20].

Shell-corrected barriers explain why some actinides are metastable against fission despite
large Z2/A. Odd nucleons often hinder spontaneous fission relative to even—even neighbours.
Those systematics matter for SHE survival probabilities (Lecture 25) and for astrophysical fission

cycling (Lecture 24).

1.9 Further physics from the literature

Asymmetric fission and shell corrections. The pure liquid drop predicts a preference for
symmetric mass splits near the barrier, yet thermal-neutron fission of 235U is strongly asymmetric
(peaks near A ~ 95 and A ~ 140). Strutinsky shell corrections to the liquid-drop energy create
secondary minima and drive the mass-asymmetric valleys observed experimentally. The following
fission lecture returns to yield curves; the microscopic theory is developed in advanced texts
[6, 14, 2].

Spontaneous fission half-lives. Even with @) > 0, spontaneous fission half-lives range from
milliseconds (very heavy Z) to 10'® years and beyond. Systematics correlate roughly with Z2/A:
larger fissility, lower barrier, shorter half-life. Pairing and shell structure produce large odd—even

staggering [6, 1, 20].

Double-humped barriers. For actinides the potential energy surface often shows two barriers
with a secondary minimum (shape isomer). Delayed fission and intermediate structure in fission
cross sections are experimental signatures. The simple single-barrier sketch of Fig. 1.1 is the

first approximation [6, 14].

Historical reading. Meitner and Frisch’s 1939 note and Bohr and Wheeler’s physical review
article remain readable introductions. Modern textbook accounts that follow the same SEMF
algebra as this chapter include Krane Ch. 13, Dunlap’s fission chapter, and Basdevant et al.
[6, 1, 14].

12
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Open lecture sequence and data checks. H. C. Verma’s IIT Kanpur/NPTEL course
Nuclear Physics: Fundamentals and Applications places “Nuclear Fission Basics,” “Nuclear
Fission of Uranium,” and “Nuclear Fission Reactor” consecutively as Lectures 33-35 (course
115104043). That sequence motivates the present division: energetics and deformation first,
uranium and chain kinetics second. Numerical masses and separation energies should be checked
against NNDC QCalc (AME2020); fission yields and neutron multiplicities should be checked
against IAEA /NDS or ENDF rather than inferred from the liquid-drop model [32, 27, 35, 33].

Reading guide

Krane [6] Ch. 13 (energetics and barrier); Dunlap [1] (liquid drop and Q); Basdevant [14]
(fissility and deformation); Demtroder [2] (historical and experimental overview). Evaluated
fission data: ENSDF and NuDat 3 [20, 21].

1.9.1 Microscopic correction to the fissility estimate

The liquid-drop fissility parameter (1.40) captures the average trend of spontaneous-fission
half-lives but misses shell structure. Strutinsky corrections add oscillatory terms to the potential-
energy surface, creating double-humped barriers and asymmetric fission valleys [6, 54]. For
2357, shell-stabilised fragments near A ~ 95 and 140 lower the asymmetric saddle relative to

symmetric split, reversing the naive liquid-drop preference (Lecture 24) [14, 1].

WKB sensitivity of spontaneous-fission lifetime

Suppose a one-dimensional fission barrier has height By = 6 MeV and curvature radius
fw ~ 1MeV. A WKB estimate gives log;, t1/o o< By /hw. Raising By by 1 MeV can increase
t1/2 by ten to twenty orders of magnitude [6, 54]. This exponential sensitivity mirrors the
Gamow factor in « decay (Lecture 17) and explains why microscopic barrier heights must

be known to keV precision for quantitative half-life predictions.

1.9.2 From fission barriers to fusion and a competition

Very heavy nuclei sit in a competition zone: « decay (small ), lengthens lifetimes), spontaneous
fission (large Z2/A shortens them), and cluster emission (rare) [53, 6]. Superheavy synthesis
chains terminate when both « and fission channels have short half-lives. Fusion-evaporation
reactions (Lecture 25) populate the same Z, N region from the opposite direction: capture
followed by neutron evaporation competes with quasifission [53, 52]. The Bohr—Wheeler picture

is the macroscopic backbone; microscopic inertias set the dynamical timescale at scission.

Induced fission cross sections rise sharply once Ecy > By, analogous to sub-barrier fusion
rising once tunneling through Vi,,x becomes appreciable. Both are barrier-penetration phe-
nomena, but fission involves a multidimensional saddle while fusion uses a one-dimensional

entrance channel [54, 14].

13
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1.9.3 Spontaneous fission versus «a chains in superheavy nuclei

For Z > 110, spontaneous fission half-lives can fall below a-decay half-lives even when @), is
favourable [53, 6]. SHE synthesis chains therefore terminate when neither channel allows further
Z increase. The same Z2/A diagnostic that classifies 23°U as fissionable predicts the onset of
millisecond spontaneous fission in transfermium isotopes. Fusion evaporation (Lecture 25) and
a emission (Lecture 16) are the two dominant de-excitation paths of the hot compound nucleus
that sits above the fission saddle [53, 52].

1.9.4 Fragment kinetic energy and shell stabilisation

Total kinetic energy distributions in fission reflect Coulomb repulsion at scission and shell
stabilisation of fragments [54, 6]. Models that agree on barrier height By can still disagree on
kinetic energy and neutron multiplicity because scission dynamics and dissipation differ [54].
Asymmetric mass yields (Lecture 24) correlate with high kinetic energy in the heavy fragment
peak near A =~ 140. The fissility parameter Z2/A is therefore only the first diagnostic: fragment
observables test dynamics beyond the static liquid-drop barrier [14, 1].

1.10 Deeper reading: Z?/A, barriers, and microscopic dynamics

Bohr-Wheeler fissility compares Coulomb to surface energy. The dimensionless combination Z2/A
organises which nuclei have barriers against fission. Modern theory replaces a one-dimensional
barrier with multidimensional potential-energy surfaces and collective inertias; half-lives remain
exponentially sensitive to barrier height (Lecture 17).

Spontaneous fission of superheavy elements and fission recycling in the r-process both inherit
this sensitivity. Evaluate Z2/A for 23°U, 238U, and 2%®*Pb as a standard exercise before reading

yield distributions in Lecture 24.

Barrier systematics

Barrier heights decrease as Z2/A increases, with shell corrections producing local islands of
stability against fission. Odd-particle hindrance can add orders of magnitude to spontaneous-

fission half-lives. Those systematics feed SHE survival estimates (Lecture 25).

Dissipation and scission

Post-barrier dynamics (friction, neck rupture) shape total kinetic energies and neutron multiplic-
ities even when the static barrier is fixed. Models agreeing on By may still disagree on yields

(Lecture 24). Ask which observables a microscopic fission paper was tuned to reproduce.

Fissility map

Compute Z2/A for 232Th, 23°U, 238U, 246Cm, and 2°®Pb. Order them and discuss which have
low fission barriers. Then sketch a one-dimensional barrier of height By = 6 MeV versus 5 MeV
and argue why thermal-neutron fission of 23°U is special once pairing and the barrier of the

compound nucleus are considered (preview of Lecture 24).
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Read a modern fission-theory abstract and list whether it constrains barriers, yields, kinetic
energies, or half-lives. Different observables stress different parts of the multidimensional
dynamics. Lecture 17’'s WKB lesson explains the half-life sensitivity; this chapter explains why
the barrier itself depends on Z2/A and shells.

Fissility organises barriers; microscopic dynamics organise yields and kinetic energies. Expo-
nential lifetime sensitivity ties this chapter to Lecture 17.

In practice, rework one numerical estimate from the lecture with a different parameter set and
compare the shift to the quoted experimental uncertainty. If the shift exceeds the uncertainty,
the estimate is teaching a scale, not delivering a fit. That distinction keeps theoretical cartoons
honest when they sit beside evaluated data tables and modern many-body calculations. Along
the course arc, write one sentence linking this chapter backward and one forward: the discipline
of those two sentences is as important as any single formula. Examination problems rarely ask

for a literature review, but they do ask for the scale argument that literature reviews presuppose.

Synthesis problem

Write a half-page note that (i) restates the chapter’s central scale or selection rule in one equation,
(ii) evaluates it numerically for one concrete nucleus or energy, and (iii) names the neighbouring
lecture that uses the result. Keep the note free of research-frontier speculation; the goal is
fluency with the lecture physics itself. If an assumption fails (Born approximation, spherical
mean field, allowed transition, one-dimensional barrier), state the failure mode in a final sentence.
That habit converts passive reading into examination-ready understanding and makes the later

research-frontier box read as an extension rather than a replacement.

Research frontier: microscopic fission dynamics and student projects

Bohr-Wheeler fissility (Lecture 23) explains the qualitative onset of fission through the
competition of Coulomb and surface energies. Modern theory computes multidimensional
potential-energy surfaces, collective inertias, and dissipative dynamics to predict barriers,
half-lives, and fragment yields [54]. The same microscopic tools inform spontaneous fission
of superheavy nuclei and fission recycling in the r-process [53, 52]. Remaining uncertainties
in barrier heights of even 1 MeV can change half-lives by orders of magnitude; fragment-
yield distributions for exotic actinides are still only partially constrained by experiment.
Dissipation and scission dynamics remain active theory topics because different models
can agree on barriers yet disagree on kinetic-energy and neutron-multiplicity observables.
The lecture’s fissility parameter Z2/A remains the correct first diagnostic before those
microscopic complications are introduced.

Yield and total kinetic energy distributions encode dynamics beyond the static barrier:
shell-stabilised fragments, energy dissipation, and the timing of neck rupture. Microscopic
models that agree on By can still disagree on those observables, which is why fission theory
is not finished once a fissility formula is written down.

Models that match barriers but miss total kinetic energies are incomplete; dynamics beyond

fissility remain part of the research frontier.
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Student reviews should therefore ask which observables each microscopic model was tuned
to reproduce.

Student directions. (1) Fissility exercise: evaluate Z2/A for 23°U, 23U, and 2°®Pb and
discuss the trend. (2) WKB insight: sketch a one-dimensional barrier and show why lifetimes
are exponentially sensitive to barrier height. (3) Literature reading: from a fission-theory

review, summarise two competing asymmetric yield modes [54].

1.11 Problems with solutions
Problem 23.1 — @ from B/A for A = 238

Estimate the fission Q-value for a nucleus with A = 238 if (B/A)parent = 7.6 MeV and
(B /A)fragments = 8.5 MeV. Express the result in MeV and comment on its magnitude relative

to chemical combustion energies [6, 1].

Solution 23.1

Step 1. From Eq. (1.7),
Q= Ep(Y) + Ep(Z) — Ep(X) ~ [(B/A)frag — (B/A)parent] A-
Step 2. Substitute the given values:
Q ~ (8.5 —7.6) MeV x 238 = 0.9 x 238 = 214 MeV.

Step 3. Chemical energies are a few eV per reaction. Fission releases ~ 10® times more
energy per event. That is why a few kilograms of fissile material can power a reactor or a

weapon [6].

Problem 23.2 — Symmetric SEMF (@ algebra

Starting from M (A, Z) in Eq. (1.10) (pairing omitted), derive Q@ = —0.26a,4%° +
0.37 a.Z? /Al/ 3 for symmetric fission into two equal fragments. Show that volume and

symmetry terms cancel [14, 1].

Solution 23.2

Step 1. Q=M(A,Z)—-2M(A/2,7Z/2).

Step 2 (volume). —a,A—2(—a,A/2)=0.

Step 3 (symmetry). Parent: asym(A—22)%/A. One fragment: asym(A/2—2)%/(A/2) =
asym(A —22)%/(2A). Two fragments: asym(A —2Z)?/A. Difference vanishes.

Step 4 (surface).

as A%3 — 2a,(A)2)%/ = a, A2/3(1 — 21/3) = —0.260 a, A%/3.

16



Nuclear and Particle Physics Nuclear Fission I

Step 5 (Coulomb).

Z2 (Z/2)? 72 . Z2
m—Qac(A/z)l/s 1-2 /):0.370acm.

- aCAl/S(

Q¢

Step 6. Add surface and Coulomb contributions to obtain Eq. (1.15).

Problem 23.3 — Critical Z?/A

Using as = 17.8MeV and a. = 0.711 MeV, evaluate the threshold Z2/A for Q > 0 in
symmetric fission. For 238U (Z = 92, A = 238), is Q > 07

Solution 23.3

Step 1. From Eq. (1.17),

z? _ 026a, _ 026x178 _ 4.628
A 7 037a. 037x0711 02631

Step 2. For 238U,
Z2 922 8464
— = — = ——~35.6 > 17.6.
A 238 238 -

Yes, @ > 0. Uranium is energetically free to fission but is held by the barrier E¢ [6, 1].

Problem 23.4 — Barrierless fissility

From the small-deformation result AE o [2asA%/3 — a.Z%/A'/3], show that the sphere is
unstable when Z2/A > 2a,/a.. With a; = 17.8 MeV and a. = 0.711 MeV, estimate the
critical A if Z = 0.4A.

Solution 23.4

Step 1. Instability requires AE < 0:

2
2a;A%/3 < acZQ/Al/?’ = Z— > 20,
A Qe
Step 2.
P 2a5  35.6 ~50.1
a. 0711~ T

Step 3. With Z = 0.44, Z2/A = 0.16A. Set 0.164 = 50.1 = A ~ 313. Order-
of-magnitude result: nuclei with A 2 300 have no classical liquid-drop barrier in this

convention and cannot exist as long-lived species [14, 6].

Problem 23.5 — Photofission competition

At one GDR energy a heavy nucleus has o,ps = 300 mb and partial widths I'y = 1.5 MeV,
I'y =2.0MeV, and I';, = 0.50 MeV. Estimate the photofission cross section. If I';, doubles
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at higher energy while the other quantities remain fixed, what happens? [6, 1]

Solution 23.5

Iy 15
I — il = 112wl
T;+T,+1, 40 T T Tabsts o

After I';, doubles,

by

, 1.5

- Y _0.250 ! =175.0mb.
I = 15+40+05 O "

Crossing the barrier does not force fission: neutron evaporation can reduce the fission

branch even within a strong absorption region.

Problem 23.6 — Surface vs Coulomb for ¢

Using Egs. (1.26)—(1.28), compute AE (in MeV) for 233U at ¢ = 0.1. Take a; = 17.8 MeV,
a. = 0.711 MeV, Z =92, A = 238. Is the sphere stable against this deformation?

Solution 23.6

Step 1.
A3 =238%/3 383, A3 ~6.20.

Step 2.

(0.1)2 8464
AE =" |2(17. B — OFlil——
- (17.8)(38.3) — 0.7 =T

= 0.002(1363 — 971) = 0.002(392) ~ 0.78 MeV.

Step 3. AFE > 0: the sphere is stable against this small deformation; a finite barrier
remains. (The full barrier height requires a global calculation beyond the quadratic

expansion [6, 14].)

Problem 23.7 — Fissility and barrier scales

For 238U, take Z = 92, A = 238, a; = 17.8MeV, and a. = 0.711 MeV. (a) Compute the
fissility « = E(C?)/(QES))). (b) Use the actinide interpolation Ef(MeV) ~ 19.0 — 0.3622/A.

(c) Explain why the positive symmetric-fission ) does not contradict the positive barrier.

Solution 23.7

Step 1: charge-to-mass ratio.

Z2 922
T 35.563.
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Step 2: dimensionless fissility.

a. Z* 0.711
=] —_— = . = o 1 .
x 20, A~ 2(175) (35.563) = 0.710

Because x < 1, the spherical drop has positive curvature against a small quadrupole
deformation; it is not classically barrierless.

Step 3: barrier interpolation.
Ey ~19.0 — 0.36(35.563) = 6.20 MeV.

The numerical agreement with a uranium barrier should not be overinterpreted: the
coefficients are an actinide fit and a real actinide has two saddles.

Step 4: energy landscape. The Q-value compares the initial ground state with the final
separated fragments, whereas E; compares the initial state with the highest intermediate
deformation. Therefore Q > 0 and £y > 0 can hold simultaneously: the final state is lower,

but the continuous path first rises.
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