
Chapter 1

Alpha Decay: Tunneling and the
Gamow Factor

“The central feature of this one-body model is that the α particle is preformed inside the
parent nucleus. . . the theory works quite well, especially for even–even nuclei.”
K. S. Krane [6]

Lecture 16 established the observables Q and t1/2, the Geiger–Nuttall correlation, and the
nuclear-well plus Coulomb-barrier potential. This chapter derives the Gamow tunneling factor
in full: rectangular-barrier warm-up with the reduced mass µ, the Coulomb-barrier integral
evaluated without skipped steps, the assault frequency, the decay rate λ = Sα f P , and the fine
structure of α spectra from angular-momentum and parity selection rules [6, 1, 14, 2].

1.1 Classically forbidden region

The available energy E = Q of an emitted α particle is typically 4–9 MeV, much less than the
Coulomb barrier height B ∼ 20–30 MeV at the nuclear surface. Three regions of the radial
potential are distinguished (Fig. 1.1):

(i) Well (r < R). The α moves inside the attractive nuclear potential (depth V0 ∼ 35 MeV)
with kinetic energy approximately Q+ V0.

(ii) Barrier (R < r < b). The Coulomb potential exceeds the total energy Q. Classically the
particle cannot enter this region: its kinetic energy would have to be negative.

(iii) Asymptotic (r > b). The Coulomb potential falls below Q; the α escapes with kinetic
energy Q.

The outer classical turning point b is defined by

VC(b) = Q, b = Z1Z2e
2

4πε0Q
, (1.1)

with Z1 = Z − 2 (daughter charge) and Z2 = 2 (α charge).
Quantum mechanics permits a non-zero probability for the α to traverse the classically

forbidden interval R ≤ r ≤ b. Dunlap expresses the lifetime as τ = τ0/P , where P is the escape
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Figure 1.1: Left: nuclear well plus Coulomb barrier with total energy E = Q, inner radius R, and outer
turning point b. Right: rectangular barrier of height V0 and width d used as a warm-up for tunneling
theory. Re-extracted from the original PH5001 lecture source pages.

probability and τ0 is a formation time scale; the course uses the equivalent form λ = Sα f P

with assault frequency f and preformation factor Sα [1, 6].

1.2 Rectangular barrier and the reduced mass

For a one-dimensional rectangular barrier of height V0 > E and width d, the Schrödinger
equation in the forbidden region gives an evanescent wavefunction ψ ∝ e−γr with

γ =
√

2µ(V0 − E)
ℏ

, (1.2)

where µ is the reduced mass of the α-daughter system:

µ = mαMd

mα +Md
. (1.3)

For heavy nuclei Md ≫ mα, so µ ≈ mα to good approximation, but all barrier formulas must be
written with µ for consistency with the two-body Coulomb problem [1].

Matching the wavefunction and its derivative at the barrier boundaries yields the standard
WKB result for the transmission probability:

P ≈ e−2γd = exp
[
−2d

ℏ

√
2µ(V0 − E)

]
. (1.4)

The factor (V0 − E) is the amount by which the potential exceeds the particle energy inside the
barrier.
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1.3 Coulomb barrier and the Gamow integral

For a non-rectangular barrier, one divides the interval into slices of width dr and multiplies the
elementary penetration factors. This WKB approximation gives

P ≈ exp
[
−2

∫ b

R
γ(r) dr

]
= e−2G, (1.5)

where

γ(r) =

√
2µ

[
V (r) −Q

]
ℏ

, G =
∫ b

R
γ(r) dr. (1.6)

Barrier excess measured from the turning point. For R ≤ r ≤ b, the quantity that
enters the WKB wave number is

VC(r) −Q = Z1Z2e
2

4πε0

(1
r

− 1
b

)
, (1.7)

which vanishes at b, since Q = Z1Z2e
2/(4πε0b). Substituting into Eq. (1.39):

G =
√

2µ
ℏ

√
Z1Z2e2

4πε0

∫ b

R

√
1
r

− 1
b

dr. (1.8)

1.4 Evaluating the integral: every step

Define

I =
∫ b

R

√
1
r

− 1
b

dr =
∫ b

R

√
b− r

br
dr. (1.9)

Step 1: Trigonometric substitution. Set

r = b sin2 θ. (1.10)

Differentiate:
dr = 2b sin θ cos θ dθ. (1.11)

Express 1/r:
1
r

= 1
b sin2 θ

. (1.12)

Form the combination under the square root:

1
r

− 1
b

= 1
b sin2 θ

− 1
b

= 1 − sin2 θ

b sin2 θ
= cos2 θ

b sin2 θ
. (1.13)

Take the square root (positive in the interval of interest):

√
1
r

− 1
b

=

√
cos2 θ

b sin2 θ
= cos θ√

b sin θ
= cot θ√

b
. (1.14)
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Step 2: Rewrite the integral in θ.

I =
∫ cot θ√

b
· 2b sin θ cos θ dθ. (1.15)

Simplify the integrand:

cot θ√
b

· 2b sin θ cos θ = cos θ
sin θ

√
b

· 2b sin θ cos θ = 2b cos2 θ√
b

= 2
√
b cos2 θ. (1.16)

Hence
I = 2

√
b

∫
cos2 θ dθ. (1.17)

Step 3: Integrate cos2 θ. Use cos2 θ = 1
2(1 + cos 2θ):

I = 2
√
b

∫ 1 + cos 2θ
2 dθ =

√
b

∫
(1 + cos 2θ) dθ =

√
b

(
θ + sin 2θ

2

)
. (1.18)

Step 4: Limits of integration. When r = R:

sin2 θR = R

b
⇒ θR = arcsin

√
R

b
. (1.19)

When r = b:
sin2 θb = 1 ⇒ θb = π

2 . (1.20)

Step 5: Evaluate at the limits.

I =
√
b

[
π

2 + sin π
2

]
−

√
b

arcsin
√
R

b
+ sin(2θR)

2

 . (1.21)

Since sin π = 0:

I =
√
b

π
2 − arcsin

√
R

b
− sin(2θR)

2

 . (1.22)

Step 6: Simplify sin(2θR). Use sin(2θR) = 2 sin θR cos θR with sin θR =
√
R/b and cos θR =√

1 −R/b:

sin(2θR) = 2
√
R

b

√
1 − R

b
= 2

√
R

b

(
1 − R

b

)
. (1.23)

Therefore
sin(2θR)

2 =
√
R

b

(
1 − R

b

)
. (1.24)

Step 7: Use arccos form. Since arccosx+ arcsin x = π/2,

π

2 − arcsin
√
R

b
= arccos

√
R

b
. (1.25)
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The final result is

I =
√
b

arccos
√
R

b
−

√
R

b

(
1 − R

b

) . (1.26)

Step 8: Assemble G and P . Substituting Eq. (1.26) into Eq. (1.8):

G = b

ℏ
√

2µQ

arccos
√
R

b
−

√
R

b

(
1 − R

b

) , (1.27)

where we used Q = Z1Z2e
2/(4πε0b), so the two factors of

√
b combine to b. This form is

dimensionless; an extra
√
b would make G dimensionful. The tunneling probability is

P = e−2G. (1.28)

1.5 Barrier height B and the small Q/B limit

The Coulomb barrier height at r = R is

B = Z1Z2e
2

4πε0R
,

R

b
= Q

B
. (1.29)

In terms of B and Q, Eq. (1.27) becomes

G = Z1Z2e
2

4πε0 ℏ

√
2µ
Q

arccos
√
Q

B
−

√
Q

B

(
1 − Q

B

) . (1.30)

Small Q/B expansion. For typical α decays, Q/B ∼ 0.1–0.2. Expand for Q/B ≪ 1:

arccos
√
Q

B
≈ π

2 −

√
Q

B
,

√
Q

B

(
1 − Q

B

)
≈

√
Q

B
. (1.31)

The bracket becomes π/2 − 2
√
Q/B. Keeping the leading term π/2 and using Q = 1

2µv
2 for the

asymptotic α speed v:

G ≈ πZ1Z2e
2

4πε0 ℏv
= Z1Z2e

2

4ε0 ℏv
, v =

√
2Q
µ
. (1.32)

Thus P ∼ exp(−2G) depends exponentially on 1/v ∝ Q−1/2, which is the Geiger–Nuttall rule
[6, 1, 14].

Key idea

Because P ∼ exp(−c/
√
Q), a small increase in Q reduces G and multiplies the decay

rate by many orders of magnitude. The Geiger–Nuttall rule is a direct consequence of
Coulomb-barrier tunneling.
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1.6 Assault frequency, preformation, and λ = SαfP

The tunneling probability P is the escape probability per attempt. The α bounces inside the
well, presenting itself at the barrier with characteristic frequency f . The decay constant is

λ = Sα f P, (1.33)

where Sα is the preformation factor (probability that nucleons are clustered as an α at the
barrier surface). It is a model-dependent overlap factor, not a universal observable; setting
Sα = 1 is only a crude single-particle upper-normalisation. Extracted values depend on the
barrier radius and nuclear-structure model, and hindered transitions can have Sα ≪ 1 [6].

Assault frequency. If the α travels back and forth across diameter 2R at interior speed v0,
the time for one round trip is 2R/v0, so

f = v0
2R. (1.34)

Inside the well the kinetic energy is Q+ V0 (where V0 is the well depth, typically ∼ 35 MeV):

1
2µv

2
0 = Q+ V0 ⇒ v0 =

√
2(Q+ V0)

µ
. (1.35)

Hence

f = 1
2R

√
2(Q+ V0)

µ
=

√
Q+ V0
2µR2 . (1.36)

Combining with Eq. (1.28):

λ = Sα

√
Q+ V0
2µR2 e−2G, t1/2 = ln 2

λ
. (1.37)

Caution

Absolute half-life calculations are extremely sensitive to the assumed radius: Krane notes
that a 4% change in R can change calculated t1/2 by a factor of about five. Measured
lifetimes are therefore sometimes used to infer an effective sum of nuclear and α radii [6].

1.7 Fine structure, branching, and selection rules

When the daughter is left in an excited state, each branch has its own Qi = Qgs − E∗
i and

its own required orbital angular momentum ℓ carried by the α. The centrifugal barrier adds
ℏ2ℓ(ℓ+ 1)/(2µr2) to V (r), raising G and suppressing high-ℓ branches [6, 1].

Selection rules. The α particle has Jπ = 0+: intrinsic spin 0 and positive intrinsic parity.
Angular momentum and parity conservation therefore require

Ji = Jf + ℓ, πi = πf × (−1)ℓ. (1.38)
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Allowed ℓ values satisfy |Ji − Jf | ≤ ℓ ≤ Ji + Jf with the parity condition. In practice, the lowest
allowed ℓ dominates because it minimises the barrier.

1.7.1 Even–even example: 244Cm → 240Pu

Both parent and daughter ground states are 0+. The daughter rotational band begins at 2+

(42.824 keV), 4+ (141.690 keV), and 6+ (294.319 keV) [20, 21]. DDEP/LNHB evaluated absolute
α-emission probabilities are [20, 21, 28]:

Daughter state E∗ (keV) ℓ Branch (%)

0+ (gs) 0 0 76.7(4)
2+ 42.824 2 23.3(4)
4+ 141.690 4 0.0204(15)
6+ 294.319 6 0.00352(18)

The ground-state branch (ℓ = 0) dominates. The 2+ branch has both a smaller Qi and an
ℓ = 2 centrifugal barrier. Higher members of the rotational band are strongly suppressed;
note especially that the 4+ and 6+ probabilities are hundredths and thousandths of a percent,
respectively [6, 28].

Figure 1.2: Branching ratios for α decay of 244Cm to levels of 240Pu. Original decay-scheme redraw for
these notes using DDEP/LNHB evaluated absolute α-emission probabilities [20, 21, 28]; source URLs are
recorded in figures/lecture17/SOURCES.txt.

1.7.2 Odd-A example: 243Am → 239Np

Remark

The original lecture slides incorrectly labelled this case as 249Am. The correct parent is
243Am (Jπ = 5

2
−), which α-decays to 239Np (Jπ = 5

2
+ ground state) [20, 21, 6].
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Ground-state branch. Parent 5
2

− to daughter 5
2

+ requires a change of parity, so ℓ must
be odd. The lowest allowed value is ℓ = 1. The centrifugal barrier makes this branch highly
hindered: evaluated data give a branching ratio of only 0.240(3)% [20, 21, 28].

Dominant branch to 5
2

− at 74.660 keV. The daughter level at E∗ = 74.660 keV has
Jπ = 5

2
−, matching the parent parity. An ℓ = 0 transition is therefore allowed. Although Qi is

reduced, the much thinner ℓ = 0 barrier dominates, and this branch carries 86.74(5)% of the α
intensity [20, 21, 28, 6].

Other branches. The 31.130 keV, 7
2

+ level receives 0.192(3)% and requires odd ℓ, with
ℓmin = 1. The 117.84 keV, 7

2
− and 173.02 keV, 9

2
− levels receive 11.46(5)% and 1.383(7)%,

respectively; parity is unchanged and ℓmin = 2 for both. Figure 1.3 shows these principal DDEP
branches.

Figure 1.3: Branching ratios for α decay of 243Am to levels of 239Np. Original decay-scheme redraw for
these notes using DDEP evaluated absolute α-emission probabilities; the isotope is corrected from 249Am
to 243Am [20, 21, 28]. Source URL: figures/lecture17/SOURCES.txt.

Hindrance factors. The hindrance factor F = λtheory/λexp (or equivalently the ratio of
predicted to observed branch intensity) quantifies deviations from the Gamow estimate. Large
F indicates poor parent-daughter overlap or selection-rule suppression beyond the centrifugal
barrier [6].

1.8 Why many nuclei with Q > 0 still appear stable

The SEMF gives Qα > 0 already near A ∼ 150, yet many nuclides up to 208Pb are stable or
long-lived. If G is large, e−2G is extraordinarily small and t1/2 can exceed 1017 s (∼ 1010 years).
Only when Q rises into the actinide range do laboratory half-lives become short. This is precisely
the Geiger–Nuttall message encoded in P = e−2G: Q > 0 is necessary for spontaneous α decay,
but the half-life is fixed by tunneling.
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Takeaway

The Gamow theory explains (i) why Q > 0 does not imply short lifetimes, (ii) the Geiger–
Nuttall Q−1/2 correlation, and (iii) the fine structure of α spectra through ℓ-dependent
barriers and selection rules. Use reduced mass µ throughout, and remember λ = SαfP .

1.9 Deeper physics: the Gamow factor and WKB tunneling

1.9.1 The Gamow integral for a Coulomb barrier

For ℓ = 0 and energy E = Q, the WKB penetration exponent for a Coulomb barrier is the
Gamow integral

G =
∫ b

R
κ(r) dr, κ(r) =

√
2µ

[
VC(r) −Q

]
ℏ

, (1.39)

with inner radius R and outer turning point b = Z1Z2e
2/(4πε0Q) from (1.1) [6, 1]. Evaluating

the integral for a pure Coulomb tail gives the standard form

G ≈ Z1Z2e
2

4πε0ℏ

√
2µ
Q

[
arccos

√
Q

VC(R) −
√

Q

VC(R)

(
1 − Q

VC(R)

)]
, (1.40)

and the escape probability is P ≈ e−2G. The reduced mass µ = mαMd/(mα +Md) enters every
WKB formula; for heavy parents µ ≃ mα to within a few percent [1].

Order-of-magnitude Gamow exponent

For 212Po (Z = 84, Q ≈ 8.95 MeV), take R ≈ 1.2A1/3 fm ≈ 7 fm and VC(R) ≈ 25 MeV.
Then 2G ∼ 30–40, so P ∼ e−2G ∼ 10−14 and, with an assault frequency f ∼ 1021 s−1,
λ ∼ 107 s−1, consistent with the microsecond half-life [6, 14]. A 4% increase in effective R
lengthens t1/2 by roughly a factor of five because G is so steep [6].

1.9.2 Rectangular barrier as a WKB warm-up

Before the Coulomb integral, a rectangular barrier of height V0 > E and width d gives (1.4). The
exponent is linear in d and in

√
V0 − E, with µ in the denominator of γ. This model captures

the essential physics: classically forbidden regions admit exponentially small transmission, and
heavier ejectiles (larger µ) or lower Q (thicker barrier) suppress the rate dramatically. The full
Gamow result replaces the constant height by the 1/r Coulomb tail, which is why log t1/2 tracks
Q−1/2 rather than a simple exponential in Q [25, 2].

Key idea

Assault frequency and preformation. The decay rate is λ = Sα f P with preformation
factor Sα and assault frequency f ∼ v/(2R). Gamow theory explains the Q dependence
through P = e−2G; shell effects and hindrance enter Sα. Even–even nuclei with F ≈ 1
validate the minimal model; large hindrance factors signal poor cluster overlap at the
surface [6, 14].
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1.9.3 Centrifugal barrier and angular momentum

For ℓ ≠ 0 the effective barrier acquires a centrifugal term ℏ2ℓ(ℓ+ 1)/(2µr2) that raises G and
lengthens t1/2. Fine-structure α groups populating excited daughter states with spin I > 0
therefore require a larger Gamow exponent than ground-state ℓ = 0 decay [6, 1]. In fusion, the
same centrifugal term suppresses low-energy cross sections for partial waves with ℓ > 0, filtering
which angular-momentum channels contribute at sub-barrier energies (Lecture 25) [14]. The
rectangular-barrier warm-up (1.4) is the constant-height limit; the Coulomb tail makes G depend
on logQ as well as 1/

√
Q, which is why the Geiger–Nuttall slope is not a simple exponential in

Q alone.

1.9.4 Deformed nuclei and effective barrier radii

For deformed heavy nuclei (A ≳ 230) the Coulomb barrier is not spherically symmetric at the
surface. The α cluster exits preferentially where the barrier is lowest, effectively reducing the
barrier width compared with a spherical average [6, 1]. Practitioners sometimes quote an effective
radius Reff fitted to measured half-lives; a 4% change in Reff can shift t1/2 by about a factor
of five because of the exponential in G [6]. This sensitivity is the same reason that sub-barrier
fusion cross sections (Lecture 25) are difficult to predict from a single contact radius: orientation
and deformation matter as much as the spherical estimate [53]. Fine-structure studies that
compare ground-state and excited-state α branches constrain both Reff and the hindrance factor
Sα [14].

Key idea

Exponential leverage. If 2G ∼ 60, then ∆G = 1 changes P by a factor e2 ∼ 7. Barrier
modeling at the mega-electronvolt level is therefore mandatory for order-of-magnitude half-
lives, which is why Lecture 16’s Geiger–Nuttall correlation is powerful yet not a substitute
for a full WKB evaluation when Q or Z changes substantially.

1.10 Further physics from the literature

Radius sensitivity and effective sizes. Absolute Gamow half-lives depend exponentially
on R through both G and f . Krane reports that a 4% change in the radius parameter can shift
calculated t1/2 by a factor of about five; practitioners sometimes invert the problem and infer
an effective R-sum from measured lifetimes [6]. Deformed nuclei (A ≳ 230) further modify the
barrier because the Coulomb potential is not spherically symmetric at the surface.

Preformation and cluster decay. The preformation factor Sα accounts for the probability
that four nucleons are correlated as an α at the nuclear surface. Heavier cluster emissions (14C,
24Ne, and others) use the same P = e−2G framework but with larger reduced mass, higher
Coulomb barrier, and vastly smaller Sα [6, 1, 14]. The first observed 14C branch from 223Ra
had relative intensity ∼ 10−9 compared with α decay.
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Proton radioactivity. Near the proton drip line, one-proton emission becomes the Z2 = 1
analogue of Gamow theory when Qp > 0. The same WKB integral applies with Z1 = Z − 1,
Z2 = 1, and µ replaced by the proton-daughter reduced mass [6, 1].

Alignment experiments. When neither parent nor daughter has spin 0, several ℓ values may
contribute to the same transition. Measuring the angular distribution of α particles relative to a
spin-aligned source disentangles the ℓ-components; Krane Fig. 8.8 shows such an analysis for
aligned 253Es [6].

Reading guide

Krane [6] Sects. 8.4–8.6 (Gamow factor, fine structure, hindrance); Dunlap [1] Sect. 8.2
(WKB derivation with µ); Demtröder [2] Sect. 3.3 (historical context and Gamow peak
notation); Basdevant [14] Sect. 2.6 (model and half-life systematics).

1.10.1 Time-reversed Gamow factor and fusion (Lectures 25–26)

Alpha decay and fusion differ only in boundary conditions on the same Coulomb barrier. Outgoing
α particles tunnel from r = R to r = b; incoming projectiles tunnel inward. The WKB exponent
(1.39) is identical in form, with µ now the reduced mass of the colliding pair. For 12C +12 C at
ECM = 1 MeV, 2G is still large (∼ 15–20), so the fusion cross section remains tiny despite E > 0
[6, 14]. Stellar rates average this tunneling probability over a Maxwell–Boltzmann distribution
(Lecture 26).

Reduced mass in α decay versus p+ p fusion

For 212Po α decay, µ ≈ mα to 0.5%. For p + p fusion, µ = mp/2. The Gamow energy
parameter EG = 2µ(παℏc)2 for p + p is orders of magnitude smaller than for heavy-ion
fusion because Z1Z2 = 1. That is why hydrogen burning proceeds at keV Gamow-peak
energies while superheavy synthesis requires MeV bombarding energies [36, 53].

1.10.2 From cluster decay to reaction cross sections

Cluster radioactivity generalises Gamow theory: the ejectile carries larger µ and higher Z1Z2, so
G grows and lifetimes stretch to 109 y or more for 14C branches [6, 14]. The same penetration
integral appears in heavy-ion fusion when the compound nucleus decays by α emission after
capture. Direct-reaction stripping (Lecture 21) probes surface overlap that preformation factors
encode in decay; compound-nucleus evaporation (Lecture 22) is the inelastic counterpart of
sequential α and γ cascades [6, 37].

Fine-structure α decay to excited daughter states splits one Geiger–Nuttall point into several
branches with different Q values. Each branch tests a different radial overlap because the
daughter wave function must match a specific final-state configuration. Hindrance factors for
odd-A parents play the same role as suppressed spectroscopic factors in transfer reactions: the
barrier integral is unchanged, but the nuclear overlap is small [6, 1]. Proton radioactivity near
the drip line is the Z2 = 1 limit of the same WKB framework.
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Remark

The assault frequency f ∼ v/(2R) ∼ 1021 s−1 sets the attempt rate but not the steep Q

dependence: changing f by an order of magnitude shifts log t1/2 by only one unit, whereas
a modest Q change moves log t1/2 by ten or more. This hierarchy justifies treating G as
the primary variable when reading Geiger–Nuttall data, and treating Sα as a secondary
correction except for strongly hindered transitions [6, 14].

1.10.3 Cluster decay as a test of the Gamow framework

The first observed 14C branch from 223Ra had relative intensity ∼ 10−9 compared with α

decay [6, 14]. The larger ejectile mass and higher Coulomb charge raise G so much that the
preformation factor must also be tiny. Cluster decay is therefore a sensitive probe of both barrier
penetration and surface clustering. In the reaction context, light-ion transfer and knockout
reactions on radioactive beams test similar overlap integrals at the nuclear surface (Lecture 21)
[51]. The course arc from Geiger–Nuttall (Lecture 16) through G (Lecture 17) to sub-barrier
fusion (Lecture 25) is one continuous story about exponential sensitivity to barrier geometry.

1.11 Deeper reading: WKB sensitivity and assault frequency

Because P ∼ e−2G, a 1 MeV shift in barrier height or a change in the inner radius of a few tenths
of a femtometre can move half-lives by orders of magnitude. That exponential sensitivity is
why microscopic fission theory invests so much effort in inertias and potential-energy surfaces
(Lecture 23), not only in a one-dimensional Coulomb integral.

The assault frequency ν in λ = νP is only an order-of-magnitude prefactor in the pedagogical
model; modern calculations replace it with collective inertia along a fission or cluster path.
Reduced-mass corrections µ ≈ mα(A− 4)/A matter at the few-percent level for light emitters
and less for heavy ones, but they should be written explicitly when comparing textbook estimates
to data.

Rectangular versus Coulomb barriers

A rectangular barrier of height V0 and width L yieldsG ≈ L
√

2µ(V0 − E)/ℏ, exposing exponential
dependence algebraically. Replacing it with a Coulomb integral changes the Q-dependence into
the Geiger–Nuttall form but preserves the exponential message. Students should evaluate both
once.

Angular momentum barriers

Emitting α particles with ℓ > 0 adds a centrifugal term that increases G and suppresses high-ℓ
branches. That is why ground-state to ground-state ℓ = 0 transitions often dominate when spin
allows, connecting to selection themes in Lecture 20.
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WKB numerical sketch

Approximate a Coulomb barrier as a triangle or use the analytic Gamow integral for 212Po with
Qα ≈ 8.95 MeV. Show that 2G is tens of units, so e−2G is astronomically small, yet multiplied
by a nuclear assault frequency ∼ 1020 s−1 it can yield a macroscopic half-life. Change Q by
0.5 MeV and recompute to feel the exponential lever arm.

Relate this sensitivity to fission (Lecture 23): replacing the α Coulomb barrier with a
many-dimensional fission barrier preserves the exponential, not the detailed prefactor. Students
who master one WKB estimate here will not be surprised by order-of-magnitude fission lifetime
uncertainties later.

WKB tunneling is the quantitative engine behind α lifetimes and a prototype for fission and
fusion barrier penetration in later lectures.

In practice, rework one numerical estimate from the lecture with a different parameter set and
compare the shift to the quoted experimental uncertainty. If the shift exceeds the uncertainty,
the estimate is teaching a scale, not delivering a fit. That distinction keeps theoretical cartoons
honest when they sit beside evaluated data tables and modern many-body calculations. Along
the course arc, write one sentence linking this chapter backward and one forward: the discipline
of those two sentences is as important as any single formula. Examination problems rarely ask
for a literature review, but they do ask for the scale argument that literature reviews presuppose.

Synthesis problem

Write a half-page note that (i) restates the chapter’s central scale or selection rule in one equation,
(ii) evaluates it numerically for one concrete nucleus or energy, and (iii) names the neighbouring
lecture that uses the result. Keep the note free of research-frontier speculation; the goal is
fluency with the lecture physics itself. If an assumption fails (Born approximation, spherical
mean field, allowed transition, one-dimensional barrier), state the failure mode in a final sentence.
That habit converts passive reading into examination-ready understanding and makes the later
research-frontier box read as an extension rather than a replacement.

Research frontier: microscopic tunneling and student projects

The Gamow tunneling picture of Lecture 17 (WKB barrier penetration for α emission) is
the conceptual ancestor of modern fission and cluster decay calculations. Today’s theory
evaluates multidimensional potential-energy surfaces with collective inertias, rather than a
one-dimensional Coulomb barrier with an ad hoc assault frequency [54, 53]. Preformation is
reframed as the overlap of the parent ground state with a cluster-plus-daughter configuration.
Gamow’s original insight (exponential sensitivity to the barrier integral) survives, but
quantitative half-lives demand controlled many-body input [25]. Remaining uncertainties
of even 1 MeV in barrier height can change spontaneous-fission or cluster-decay lifetimes
by orders of magnitude, which is why microscopic inertia and dissipation modelling is as
important as the barrier shape itself. The lecture’s rectangular-barrier toy model remains
the right first step for seeing that exponential dependence analytically.
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In fission, the analogue of the assault frequency is a collective inertia along the fission path;
different microscopic prescriptions can change lifetimes dramatically even when barriers
look similar. Student reading should therefore separate barrier-height uncertainty from
inertia uncertainty when comparing published spontaneous-fission half-lives.
Separating barrier-height errors from inertia errors is the practical checklist when comparing
published spontaneous-fission half-lives.
Those two error sources rarely scale the same way with mass number, which students can
illustrate with a simple WKB model.
Student directions. (1) Analytic estimate: evaluate a rectangular-barrier Gamow factor and
show the exponential dependence on width and height. (2) Kinematics check: compare
reduced-mass corrections µ ≈ mα(A− 4)/A for A = 50 and A = 250. (3) Literature reading:
from a modern fission-theory review, list two sources of order-of-magnitude uncertainty in
WKB half-lives [54].

1.12 Problems with solutions
Problem 17.1 — Turning point b

For α decay with Z1 = 90, Z2 = 2, and Q = 5.0 MeV, calculate the classical turning point
b. Use e2/(4πε0) = 1.44 MeV fm.

Solution 17.1

Step 1. From Eq. (1.1):

b = Z1Z2e
2/(4πε0)
Q

.

Step 2. Numerator:

Z1Z2 × e2

4πε0
= 90 × 2 × 1.44 MeV fm = 259.2 MeV fm.

Step 3.
b = 259.2 MeV fm

5.0 MeV = 51.8 fm ≈ 52 fm.

The α is classically forbidden for R ≲ r ≲ 52 fm [1, 6].

Problem 17.2 — Reduced mass and γ

For α decay of a heavy nucleus (A = 220), compute µ in u and estimate γ for a rectangular
barrier with V0 − E = 20 MeV and ℏc = 197 MeV fm.

Solution 17.2

Step 1 (masses). mα ≈ 4 u, Md ≈ 216 u.
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Step 2 (reduced mass).

µ = mαMd

mα +Md
= 4 × 216

220 u = 3.927 u.

Since Md ≫ mα, µ is close to mα.
Step 3 (convert to energy units). 1 u c2 = 931.5 MeV, so µc2 = 3.927 × 931.5 ≈
3658 MeV.
Step 4 (γ).

γ =
√

2µ(V0 − E)
ℏ

=
√

2 × 3658 × 20
197 MeV fm =

√
146320
197 ≈ 1.94 fm−1.

For a 10 fm wide rectangular barrier, P ≈ e−2γd ≈ e−38.8 ≈ 10−17 [1].

Problem 17.3 — Gamow factor sensitivity

If 2G = 60 at one Q and a small increase in Q reduces 2G by 5% (from 60 to 57), by what
factor does P = e−2G increase? What is the corresponding change in half-life?

Solution 17.3

Step 1 (probability ratio).

P ′

P
= e−57

e−60 = e3 = 20.1.

Step 2 (half-life ratio). Since t1/2 ∝ 1/P :

t′1/2
t1/2

= P

P ′ = e−3 = 0.050.

The half-life drops by a factor of about 20. A few percent change in G (from a modest change
in Q) can change lifetimes by orders of magnitude, explaining Geiger–Nuttall systematics
[6, 1].

Problem 17.4 — Small Q/B limit for G

For Z1 = 90, Z2 = 2, Q = 5.0 MeV, and barrier height B = 25 MeV, evaluate the
approximate Gamow factor G ≈ πZ1Z2e

2/(4πε0ℏv) with v =
√

2Q/µ and µ ≈ 4 u.

Solution 17.4

Step 1 (µ in SI-consistent units). Use µc2 ≈ 3727 MeV (since µ ≈ 4 u).
Step 2 (speed).

v = c

√
2Q
µc2 = c

√
10

3727 = 0.052c ≈ 1.56 × 107 m/s.
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Step 3 (G). Using ℏc = 197 MeV fm and Z1Z2e
2/(4πε0) = 259.2 MeV fm:

G ≈ π × 259.2
197 × (v/c) = π × 259.2

197 × 0.0518 ≈ 79.8.

Thus the leading small-Q/B estimate gives P ≈ e−2G = e−159.6 ≈ 5 × 10−70.
Step 4 (finite-radius check). Here Q/B = 0.20, so the exact bracket in Eq. (1.30) is

arccos
√

0.20 −
√

0.20(0.80) = 0.707.

The exact finite-radius result is

Gexact = 259.2
197

√
2(3727)

5.0 (0.707) ≈ 35.9, Pexact ≈ e−71.8 ≈ 7 × 10−32.

The leading value G ≈ 79.8 deliberately drops the surface correction −2
√
Q/B; at Q/B =

0.20 that correction is not small numerically. Both results show the exponential suppression,
while the comparison demonstrates why quantitative half-lives require the finite nuclear
radius [6, 14].

Problem 17.5 — Selection rules for 243Am

The parent 243Am has Jπ = 5
2

−. For daughter 239Np levels with Jπ = 5
2

+ (gs), 7
2

+, and 5
2

−

(75 keV), list the lowest allowed ℓ for each and predict which branch dominates.

Solution 17.5

Step 1 (parity rule). πi = πf (−1)ℓ. With πi = −:

• 5
2

+: need (−1)ℓ = −1, so ℓ odd. Lowest: ℓ = 1.

• 7
2

+: parity changes, so ℓ is odd. Angular coupling |5/2 − 7/2| ≤ ℓ ≤ 5/2 + 7/2 gives
ℓ ≥ 1; hence the lowest value is ℓ = 1.

• 5
2

−: parity match, ℓ even. |5/2 − 5/2| = 0, so ℓ = 0 is allowed.

Step 2 (dominant branch). The ℓ = 0 branch to 5
2

− at 74.660 keV has the thinnest
barrier despite the reduced Qi. DDEP gives 86.74(5)% intensity to this state versus
0.240(3)% to the ground state [20, 21, 28, 6].

Problem 17.6 — Assault frequency estimate

For Q = 5 MeV, V0 = 35 MeV, R = 7.5 fm, and µ ≈ 4 u, estimate the assault frequency
f = v0/(2R).
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Solution 17.6

Step 1 (interior speed).

v0 =
√

2(Q+ V0)
µ

=
√

2 × 40 MeV
µ

.

With µc2 ≈ 3727 MeV:

v0 = c

√
80

3727 ≈ 0.147c ≈ 4.4 × 107 m/s.

Step 2 (frequency).

f = v0
2R = 4.4 × 107 m/s

2 × 7.5 × 10−15 m = 2.9 × 1021 s−1.

Step 3 (interpretation). The α presents itself at the barrier ∼ 1021 times per second,
but escapes only with probability P = e−2G ≪ 1, yielding a much smaller λ = SαfP [6, 1].
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