Chapter 1

Schmidt Magnetic Moments

“In the extreme single-particle model the magnetic moment of an odd-A nucleus is attributed

to the last unpaired nucleon.”

standard shell-model statement

Lecture 8 treated the deuteron as a two-body magnetic moment. For heavier odd-A nuclei
the extreme shell model makes a parallel claim: paired nucleons cancel, and p is that of the

valence nucleon in orbit n¢;. Plotting the resulting ;(j) gives the Schmidt lines [6, 1, 2].

1.1 Even—even nuclei: vanishing moment

In an even—even ground state every nucleon is paired to I = 0. Orbital and spin magnetism

cancel within each pair, so
p=0 (I"=0"). (1.1)

Experiment confirms that even—even ground states carry no static magnetic dipole (consistent
with I = 0).

1.2 Nuclear magneton and g-factors

Magnetic moments of nuclei are measured in units of the nuclear magneton

eh

- 2my,

LN ~5.05x 10727 J T, (1.2)

about 1/1836 of the Bohr magneton up = eh/(2m.) because my > m.. The z-component of

the magnetic-moment operator for a single nucleon is

Hz = (g€£z+gs Sz)u%v (1'3)

with free-nucleon g-factors
g =1, g\ =5.5857,

" =0,

(1.4)
g\ = —3.8260.
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A useful way to remember the orbital factors is to begin with the magnetic moment of a particle

of charge ¢ and mass m:

q amp UN
= L g2 Ny 1.5
B 2m em h (1.5)
For a proton, ¢ = e and m ~ m,, giving gép) = 1; for a neutron, ¢ = 0, giving gén) =0

in the leading free one-body operator. In a nucleus, exchange currents and core polarisation
can generate effective orbital contributions, so these are baseline coefficients rather than exact

in-medium constants. The spin factors follow from the measured intrinsic moments:

(n)

h
1y = ggw“% <2) — 27928 1y, fin = 952 iy = —1.9130 . (1.6)

A pointlike charged Dirac fermion has g; = 2 at tree level; radiative corrections modify that
value. The large anomalous moments of the proton and neutron reflect their quark substructure:
the proton (uud) and neutron (udd) carry internal charge currents even though the neutron
is neutral overall. The neutron therefore has no orbital g, from net charge, yet a large spin
moment [6, 5].

Because of the strong spin—orbit force, the good single-particle angular momentum is 7 = £+s.
The spectroscopic moment is the expectation value of y, in the stretched state m; = j:

. . . A MN
p=(j,mj =jlgels + gssz |j,m; =j (1.7)

"
1.3 Case j=/(+ %: unique my, my
For j =0+ % and m; = j =/ + %, the only combination consistent with m, +ms = m; is

me =/, ms = +1i. (1.8)

The coupled state is therefore a single uncoupled basis vector,

5=+ ,my = j) = [6yme = O], my = 1). (1.9)
Consequently
(0,) = Ih, (s.) = 3h, (1.10)
,U«LN = % (SJ@UH— QSZ>
= 9ol + 59s- (1.11)

Using { = j — % gives, one algebraic step at a time,

P GG=Y 4 lg =g+ (g —
MN—Q@(] 3)+ 395 =90+ 3(9— 90). (1.12)
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Specialising to free g-factors gives the first Schmidt formula

j+2.293 odd proton (g =1, gs = 5.586),
(1.13)

mN —1.913  odd neutron (gy =0, gs = —3.826).

S

For a d5 5 proton (£ =2, j = g), i~ 4.79 uy on the Schmidt line. For any odd neutron with
j=L+ %, the Schmidt value equals the free neutron’s intrinsic moment, —1.913 uy = g(n)uN/2,

independent of j, because the leading orbital term vanishes.

1.4 Case j=/(— %: two mixed components

For j = ¢ — % and m; = j, two (my, m,) pairs contribute:

1) =|mg=1¢, mg=—3),
=1 =} -
2) = |me =€ —1, my = +1).
The stretched state is the normalised combination
(1.15)

[3,mj = j) = a|1) + b|2).

1.4.1 Coeflicients from J.|j,j) =0
The raising operator J; = L; + S; annihilates the highest-weight state. The two ladder

operators act according to
L |, mg) = 00 + 1) — mg(mg + 1)]¢,mg + 1), (1.16)
Sild,me) = hy/E(% +1) — m(ms + D)%, my + 1), (1.17)

Therefore
Jpl1) = (Ly + Sl —3) = hlt, +3),
1,+3) = h20 |0, +1). (1.19)

Ji|2) = (Ly + Syl -
+%> Acting on the mixture now gives

Here the compact ket on the right denotes |my, = ¢, m,
0=J¢lj,7) = aJy[1) + bJ1[2)
= fi(a + bV20) |0, +1). (1.20)

Since the ket and A are nonzero, the coefficient must vanish:
(1.21)

a+bvV20=0 = a=—bv20,

together with normalisation |a|? + |b|? = 1. Therefore

2/ 1

2 2

a2 = R p— 1.22
ol =g PP=g5rs (122)
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Choosing an irrelevant overall phase so that b > 0, the normalized state can be written explicitly

as
2/ 1
i=0—L1 ) =———]1 —|2). 1.23
These are precisely the Clebsch—Gordan coefficients for coupling ¢ and s = % toj=40— %

1.4.2 Expectation value of u,

Diagonal matrix elements of the magnetic operator are

<1’Mz/MN‘1> = gl — %957

(1.24)
(2|p=/pn|2) = ge(t — 1) + 3gs,

and cross terms vanish by orthogonality of the |mymg) basis. More explicitly, ¢, and s, are
diagonal in this basis, so
<1‘£z|2> = <1|Sz’2> = 0. (1.25)

This diagonality, not orthogonality alone for an arbitrary operator, is the reason the interference

terms vanish. Expanding the full matrix element,
gely + gss
h
= la|*(Lpz /1w |1) + b1 (2] =/ v ]2)
@bl jas /v |2) + B a2l /L), (1.26)

Fo—@ra) + b)) (al1) +b[2))
UN

The last line is zero, and the weighted average is therefore
I
e |al*(9e¢ — 395) + [b* (9e(£ — 1) + 395)- (1.27)

Insert |a|? =2¢/(2¢ + 1) and |b|*> = 1/(2¢+ 1):

K 2t 1 L 1
Rap— 0 Llg)+ —— (go(t —1) + Lg,
i 501 9t = 395) gy (9e(t = 1) + 59)
1
:m[%QQZ—EQs+(€—1)QZ+%Qs]
1
- (20 + £~ 1)gr — (¢~ 1)ga]. (1.28)

Now set j = £ — %, sol =j+ % and 20+ 1 = 25 + 2. The two coefficients in the numerator

become

204+ 0—-1=2(+3)*+(G+1)—1=252+35=34(2j +3), (1.29)
(1= (1.30)
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Thus
o J(25+3)90— jgs
KN 2(j+1)
J .
=1 (254 3)g0 — gs]. 1.31
2U+UKJ+)W 9s) (1.31)

Adding and subtracting jge/[2(j+1)] in the last expression gives the equivalent standard Schmidt

form ) )
H J . . J
=—2 (24 3)gr— gs] = ————(gs — gp)- 1.32
oy = 20 11 (& 3= sl =dge = 55 (9 - 90) (1.32)
Specialising to free g-factors:
' i(j—1.2
.L (- lg(p) =+ §) = ]7(] - %) odd proton,
p g1 2 j+1
’ = j i (1.33)
S p——COJSSE ) R
2G +1) g +1.913 T odd neutron.

For an odd neutron in p; /5 (j = %), pu/un = 1.913 x %/% = 0.638. These limiting curves are the
Schmidt lines first discussed by Schmidt in 1937 [18, 6, 1].
1.4.3 Independent check: the projection theorem

The same result follows without writing Clebsch—Gordan coefficients. Rotational symmetry

requires the expectation value of any vector operator in |jm;) to point along j. Hence

(€-J) (s-7)
Ez = . N9 'h, z) — T <15 h. 1.34
Using j = £ + s,
2.5 =7%4+0%—-52 (1.35)
2s-j =42 €%+ s (1.36)
For the spectroscopic state m; = j, division by h gives
i(j+1 1) — 1
h 2(j+1)
i(j+1)— 1 1
h 2(j+1)

Substitution into p/pun = ge(l.)/h + gs(s.)/h, with s = , reproduces Egs. (1.13) and (1.32).
This is the same projection theorem used for the deuteron in Lecture 8; it is a valuable check

because it keeps every orbital and spin term visible.

1.4.4 Why a one-hole state has the same Schmidt value

A filled j subshell has zero total moment because the contributions from m and —m cancel. To

construct a hole state with total M = +j, remove the particle with m = —j. The remaining
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shell therefore has

,Ufhole(M = +]) =0~ Mparticle(m = _]) = ,Ufparticle(m = +.7)7 (139)

because a vector moment changes sign under m — —m. Thus a particle and a hole in the same
j orbit have the same Schmidt moment in the extreme model, even though their many-body

occupations are complementary.

1.5 Schmidt lines and experiment

Plotting p against j for odd-proton nuclei gives two rising lines (j = ¢ + %) For odd-neutron
nuclei the j = £+ % line is flat at —1.913 uy and the j = ¢ — % line is positive and slowly rising.
Experimental ground-state moments of odd-A nuclei typically fall between the two Schmidt lines
for the assigned j (Fig. 1.1) [18, 6, 2, 22]. The Schmidt curves are theoretical single-particle

limits, not rigorous mathematical bounds; they organise the data and diagnose configuration

purity.
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Figure 1.1: Free-nucleon Schmidt curves with selected measured ground-state magnetic mo-
ments from the Stone/NNDC compilation (nuclide list and numerical values are recorded in
figures/lecture14/SOURCES.txt) [22, 20]. Curves are single-particle estimates, not bounds.

1.6 Why real nuclei lie between the Schmidt lines

The extreme single-particle picture is too simple:

o configuration mixing admixes other orbitals with the same I™;

o meson-exchange currents modify the free one-body magnetic operator inside the nucleus;
¢ collective core polarisation contributes for soft nuclei far from closed shells;

o restricted shell-model spaces often use effective spin g-factors with |gs| reduced from the free

value. A rough sd- or pf-shell starting estimate is g ~ (0.7-0.8)gf, but the factor depends
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on model space, interaction, mass region, and operator; it is neither a universal property of

nuclear matter nor interchangeable with axial-current quenching in weak transitions [6, 1].

Near doubly magic cores (e.g. 17O, #'Ca) agreement with Schmidt values is better; mid-shell
nuclei deviate more [6, 2, 1, 22]. When a measured p lies close to one Schmidt line, the valence

assignment j = { + % is strongly supported; intermediate values tag mixing.

Key idea

Schmidt lines are the shell-model baseline for p. They fix the single-particle g-factors and

J=/lse % assignment; deviations measure correlations beyond the extreme model.

1.7 Deeper physics: Schmidt lines, g-factors, and quenching

1.7.1 Schmidt limits as independent-particle bounds

For an odd-A nucleus with one unpaired nucleon in orbit ¢, the magnetic operator (1.3) evaluated

in the stretched state |j,m = j) yields the Schmidt formulae (??, ??). For an unpaired proton,

J+3(gp—1)=0+1+3(gp—1), j=C+1,
_ (1.40)
1

J = sy (9 — 1) j=L—3,
with free g, = 5.5857. Real nuclei fall between the two curves because core polarisation,

configuration mixing, and meson-exchange currents reduce the effective spin response.

1.7.2 Quenching as a compact summary

When a measured moment lies below the upper Schmidt line, one often writes an effective
spin g-factor g¢ff < gfree. This is a phenomenological compression of several mechanisms, not a
fundamental constant. Near %0 or 4°Ca, odd neighbours such as 7O (u = +1.89 uy) sit close
to the d5/o Schmidt prediction (~ 1.91 juy), while mid-shell nuclei can deviate by tens of percent

[6, 22].

Schmidt deviation for N

15N has an unpaired proton in Ip1/2 (I = %) The Schmidt formula with g, = 1, g5 = gp,
j=4Ll— % gives u/uny = % + %(gp — 1) ~ 0.44, i.e. pSchmiat ~ +2.2 uy. Experiment gives
= —0.283 un: the hole character and core polarisation reverse and quench the moment.

Even near 10, Schmidt lines are guides, not precision predictions [6, 22].

Remark

Link to electroweak observables. Quenching of spin operators also appears in Gamow—
Teller S decay and in neutrinoless double-beta matrix elements. Modern calculations
renormalise both the Hamiltonian and the operator consistently rather than applying an ad

hoc g4 after the fact (Lecture 14 further material).
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1.7.3 Even—even neighbours as Schmidt context

Schmidt lines apply only to odd-A nuclei. The adjacent even—even core has p = 0 (Section 1.1),
and its first 27 energy (Lecture 15) indicates whether the core is rigid (high F(2%1), Schmidt
works well) or soft/collective (low E(21), Schmidt fails). Plotting u against E(2") of the
A — 1 neighbour separates closed-shell odd nuclei from mid-shell ones without invoking a full
shell-model calculation [6, 22].

1.7.4 Sign of 1 and hole vs particle orbits

A valence proton and a valence proton hole on the same orbit produce opposite Schmidt limits
once the hole sign (—1)™ is applied. >N (p hole on '60) and '"F (p particle, 1ds ) illustrate
mirror magnetic behaviour tied to the same WS filling diagram (Lecture 13). Confusing particle
and hole signs is a common source of error when overlaying measured moments on Schmidt plots
[2, 6].

1.7.5 Landé g-factor for odd—even nuclei

When several nucleons are unpaired (odd—odd nuclei), the Landé formula generalises the Schmidt
limit. For odd-A nuclei with one valence nucleon, the effective g-factor reduces to the Schmidt
value in the stretched state. Measuring p and I separately determines an empirical gy, which
can be compared with shell-model calculations that include core polarisation. Near closed shells
the agreement is often within 10%; mid-shell nuclei require full diagonalisation in a truncated
space [6, 22].

Isoscalar versus spin contributions. Orbital g, factors are close to bare values; spin g
factors show larger medium renormalisations. Magnetic moments therefore diagnose spin
correlations more sharply than electric quadrupole moments diagnose charge deformation

(Lecture 15), although both feel configuration mixing.

A practical student plot: Schmidt lines for odd protons with five measured mid-shell moments

overlaid. The pattern of deviations is the entire qualitative message of this chapter.

1.8 Further physics: magnetic moments as configuration tags

Measured magnetic moments are among the most sensitive tests of the valence configuration
near closed shells. If u lies close to one Schmidt line, the extreme single-particle assignment
j=L+ % is strongly supported. Intermediate values signal configuration mixing or collective
admixtures [6, 2, 22].

Effective g5 factors reduced from the free nucleon values are a compact way to summarise
medium modifications, but they absorb several distinct mechanisms: core polarisation, meson-
exchange currents, and truncated model spaces. For that reason one should not treat a single

quenching factor as fundamental. Near doubly magic cores such as 10 and *°Ca, moments of
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neighbouring odd-A nuclei remain comparatively close to Schmidt predictions; far from magic

numbers, collective contributions dominate and the Schmidt picture is only a reference baseline.

1.8.1 Plotting Schmidt lines: odd-proton example

For an unpaired proton, (1.40) gives two curves in the (I, u/uy) plane. At I = % (from py /o
or f72), the upper line yields p/un = 0.44 and the lower line gives u/uy = —0.25. At I = %
(from f7/ aligned), p/pn = 4.71 (upper) and 3.79 (lower). Measured moments of odd-Z nuclei
between 20 < Z < 40 cluster between the curves, with deviations growing toward mid-shell

where collective admixtures appear [22, 6].

1.8.2 Quenching: one number, several mechanisms
Writing plexp = ggﬂ,ugchmidt compresses:
o Configuration mixing: valence spin is shared among several j-shells (Lecture 13).

e Core polarisation: paired nucleons are excited by the valence nucleon and contribute

opposite magnetism.

o Meson-exchange currents: two-body operators (pp, pn currents) add to the one-body

Schmidt operator (Lecture 8 further material).

Separating these requires a model, not just a table of moments. The deuteron deficit is the

minimal case where only mechanism (iii) and a few-percent D-wave compete [2, 50].

Gamow—Teller quenching scale

Historically, shell-model 5 decay rates required gjﬁ /g4 =~ 0.75. Modern ab initio calculations
with two-body currents recover much of that quenching without an ad hoc factor, paralleling
the magnetic-moment story. The same operator renormalisation feeds Ov 35 matrix elements
(Lecture 14 research frontier) [50, 49].

1.8.3 Bridge to Lecture 15 spectroscopic factors

A nucleus whose moment lies on a Schmidt line usually has a large spectroscopic factor for adding
or removing the valence nucleon (Lecture 15). When both p and S deviate, configuration mixing
is confirmed from two independent probes. Even—even neighbours with low E(2%) (Lecture 15)

signal that the odd-A Schmidt picture is only a local approximation near closed shells [6, 1].

1.8.4 Stone table as experimental anchor

Evaluated magnetic moments (Stone tables) remain the benchmark for shell-model and ab initio
calculations. Near 10 and 4°Ca, odd neighbours often lie within ~ 20% of Schmidt lines; in the
A ~ 100 region deviations exceed 50%, signalling collective admixtures and strong configuration
mixing. Any student overlay of Schmidt curves should quote uncertainties on p and note whether

the state is isomeric or ground-state [22, 6, 2].
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1.8.5 Core polarisation as a picture for quenching

When a valence nucleon moves, it polarises closed-shell pairs in the core: particle-hole excitations
of the core contribute magnetism opposite to the valence spin. In a truncated shell-model space
this appears as configuration mixing; in an ab initio calculation it is part of the correlated wave
function. Either way, the measured moment lies between the Schmidt lines. The deuteron has
no inert core, so its quenching is dominated by D-wave mixing and exchange currents rather

than core polarisation, simplifying the interpretation at A = 2 [6, 50, 2].

1.9 Deeper reading: g-factors, quenching, and operators

Schmidt lines bound single-particle magnetic moments for odd-A nuclei near closed shells. Mid-
shell moments fall inside the lines because of configuration mixing. An effective g; quenching
was long used phenomenologically; modern work attributes much of Gamow—Teller and magnetic
quenching to two-body currents treated consistently with correlations, a lesson already previewed
in the deuteron (Lecture 8).

For Ov3 matrix elements (Lecture 19), the same operator renormalisation issues return at
higher stakes: an inconsistent gff stacked on top of an already-renormalised operator double
counts physics. Evaluated moment tables remain the benchmark against which both shell-model

and ab initio calculations are judged.

Magnetic moments as operator diagnostics

Because magnetic moments weight spin strongly, they expose quenching and meson-exchange
currents more clearly than binding energies do. A model that fits spectra with effective charges
may still fail moments unless operators are renormalised consistently. Build a habit of checking

moments whenever a new effective interaction is proposed.

Mirror magnetic moments

Differences between mirror magnetic moments isolate isovector operator pieces and Coulomb-
induced configuration changes. They are a precision testbed complementary to isoscalar deuteron

lessons (Lecture 8).

Schmidt diagram exercise

Draw Schmidt lines for odd protons and odd neutrons. Overlay "F, 70, a mid-shell odd-A
nucleus, and a deformed rare-earth moment. The closed-shell neighbours hug the lines; the
mid-shell point falls inside; the deformed example may require collective gr contributions. Write
one sentence for each point naming the dominant physics.

Then estimate a naive quenching factor from one Gamow—Teller log ft compared with
an extreme single-particle matrix element. Discuss why that single number should not be
transplanted into a Ov3f calculation that already includes two-body currents. The exercise links

Lectures 8, 14, and 19 into one operator story.

10
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Schmidt lines are baselines, not predictions for mid-shell nuclei. Deviations teach configuration
mixing and operator renormalisation, preparing the weak-interaction chapters.

In practice, rework one numerical estimate from the lecture with a different parameter set and
compare the shift to the quoted experimental uncertainty. If the shift exceeds the uncertainty,
the estimate is teaching a scale, not delivering a fit. That distinction keeps theoretical cartoons
honest when they sit beside evaluated data tables and modern many-body calculations. Along
the course arc, write one sentence linking this chapter backward and one forward: the discipline
of those two sentences is as important as any single formula. Examination problems rarely ask

for a literature review, but they do ask for the scale argument that literature reviews presuppose.

Synthesis problem

Write a half-page note that (i) restates the chapter’s central scale or selection rule in one equation,
(ii) evaluates it numerically for one concrete nucleus or energy, and (iii) names the neighbouring
lecture that uses the result. Keep the note free of research-frontier speculation; the goal is
fluency with the lecture physics itself. If an assumption fails (Born approximation, spherical
mean field, allowed transition, one-dimensional barrier), state the failure mode in a final sentence.
That habit converts passive reading into examination-ready understanding and makes the later

research-frontier box read as an extension rather than a replacement.

Research frontier: electroweak operators and student projects

Schmidt lines (Lecture 14) still organise magnetic moments of odd-A nuclei near closed
shells, but modern theory computes effective g-factors and Gamow—Teller operators from
correlated wave functions and two-body currents. A landmark ab initio study showed
that consistent two-body currents resolve much of the long-standing GT quenching, with
direct implications for [-decay rates and for neutrinoless double-beta nuclear matrix
elements [50, 49]. Evaluated moment tables remain the experimental reference against
which shell-model and ab initio calculations are judged [22]. Open questions include
how large residual quenching is in heavy nuclei, how operator renormalisation should
be matched to the Hamiltonian truncation, and how those lessons propagate into Ov34
matrix-element uncertainties that limit neutrino-mass sensitivity claims [48]. Treating
Hamiltonian correlations and electroweak operators inconsistently remains a common source
of theoretical bias.

A concrete way to see operator renormalisation is to compare a bare GT matrix element
in a small valence space with a published calculation that includes two-body currents.
The fractional change is often comparable to the historical quenching factor, which is why
modern papers discourage applying an extra ad hoc gff on top of already-renormalised
operators.

The same consistency requirement appears in calculations of magnetic moments far from
Schmidt lines.

Student directions. (1) Data plot: draw Schmidt lines for odd protons and overlay five
measured moments. (2) Estimate: extract a single phenomenological quenching factor

g% /ga from one mid-shell GT transition and discuss its limitations. (3) Essay: explain

11
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why operator renormalisation and Hamiltonian correlations must be treated consistently

for Ov6 matrix elements.

1.10 Problems with solutions

Problem 14.1 — Schmidt value for d5,, proton

Compute the Schmidt moment for an odd proton in j = ¢+ % = g

Solution 14.1

For j =0+ % and free proton g-factors,
Mi =jge+5(g9s—ge) =3 -1+ 3(5.586 — 1) = 2.5 + 2.293 = 4.793.
N

Equivalently, pu/un = j + 2.293 [18, 6].

Problem 14.2 — Neutron p;/; Schmidt moment

For an odd neutron with j = ¢ — % = % (¢ =1), compute the Schmidt moment in nuclear

magnetons.

Solution 14.2

For an odd neutron with j = ¢ — %,

" j 1/2  1.913
— =4+1913 —— =1913 x —— = —— =~ 0.638.
UN j+1 3/2 3

Equivalently, u/un = —ggn) J/(2(j + 1)) with gé”) = —3.826 yields the same result [6, 18].

Problem 14.3 — Neutron j =/ + %

Show that any odd neutron with j = ¢ +% has Schmidt moment p = —1.913 py, independent
of j.

Solution 14.3

With gé") =0 and ggn) = —3.826, the j = ¢+ % formula collapses to

£l =—1913,

uN

for every such orbit. Only the spin moment contributes [6, 1].

Problem 14.4 — Coeflicients ¢ and b

For j = ¢ —  and m; = j, derive |a|? = 2¢/(2¢+ 1) and [b|? = 1/(2¢ + 1) from J4|j,j) = 0.

12
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Write |4, j) = a[1) +b]2) with |1) = |¢,—1) and |2) = [¢—1,+3). Acting with J = Ly + 54
and using L |6, m) = hi\/0({ + 1) — m(m + 1) |¢,m + 1) gives the condition a 4 bv/2¢ = 0.
Together with |a|? + |b|?> = 1 one obtains

20
20+ 1’

1
b = 5

2 _
= 2Wt1

as in the main text [6].

13
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