
Chapter 1

Shell Model: Woods–Saxon Potential
and Ground-State Jπ

“For realistic calculations, more accurate potentials are preferred. . . Among the various
models, the Woods–Saxon potential is particularly effective.”
lecture notes, PH5001

Lecture 12 showed that magic numbers beyond 20 require spin–orbit coupling, and that
the choice of infinite well versus harmonic oscillator does not change those magic numbers
once ℓ · s is strong enough. Realistic calculations still need a finite, diffuse mean field: the
Woods–Saxon potential. With that spectrum one reads ground-state spin and parity from the
extreme single-particle filling rules [6, 1, 10].

1.1 Why infinite potentials fail as absolute models

An infinite wall forbids nucleon removal: separation energies would be infinite. Real nuclei have
finite Sn and Sp. A finite square well allows separation but retains a discontinuous edge. Nuclear
density and the mean field fall smoothly over a surface thickness of order 2–3 fm (Lecture 2).
The potential should follow that density.

1.2 Woods–Saxon single-particle potential

Woods and Saxon introduced this radial shape as the real part of a diffuse optical-model potential
for nucleon–nucleus scattering [10]. Its finite depth and smooth surface also make it a useful
phenomenological bound-state mean field; that later use is not a first-principles derivation. The
standard central form is

VWS(r) = − V0
1 + exp

[
(r − R)/a

] , (1.1)

with R = r0A1/3, r0 ≈ 1.25 fm, diffuseness a ≈ 0.5–0.7 fm, and depth V0 ∼ 50 MeV chosen to
match separation energies [10, 6, 1]. The potential is nearly flat and attractive in the nuclear
interior, then rises smoothly through the surface to zero outside. At r = R one has V = −V0/2.
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The 10%–90% surface thickness follows directly from the Woods–Saxon shape. Define

f(r) = −VWS(r)
V0

= 1
1 + exp[(r − R)/a] .

Solving f(r) = p gives

1
p

− 1 = e(r−R)/a, r(p) = R + a ln
(1 − p

p

)
. (1.2)

Thus the inner 90% point and outer 10% point are

r(0.9) = R − a ln 9, r(0.1) = R + a ln 9. (1.3)

Their radial separation is

t = r(0.1) − r(0.9) = 2a ln 9 = 4a ln 3 ≈ 4.4 a, (1.4)

of order 2–3 fm for realistic a.
The radial Schrödinger equation for the reduced wave function u(r) is

− ℏ2

2m

d2u

dr2 +
[
VWS(r) + ℓ(ℓ + 1)ℏ2

2mr2

]
u = E u, (1.5)

with u(0) = 0. Outside the nucleus, V → 0 for a neutron. It is useful to combine the potential
and centrifugal terms into

Veff(r) = VWS(r) + ℓ(ℓ + 1)ℏ2

2mr2 . (1.6)

For ℓ > 0, the positive centrifugal barrier suppresses the wave function near the origin and
shifts probability toward the nuclear surface. Far outside, both terms approach zero. The radial
equation then reduces to

d2u

dr2 = 2m|E|
ℏ2 u = κ2u (E < 0), (1.7)

whose two solutions are e+κr and e−κr. Normalisability eliminates the growing solution, leaving

u(r) −→
r→∞

C e−κr, κ =

√
2m|E|
ℏ2 . (1.8)

Matching the interior numerical solution to this exterior exponential quantises the allowed
energies. There is therefore a finite number of bound orbits, and the least-bound nucleon has a
realistic separation energy of a few to tens of MeV.

The decay length 1/κ ∝ 1/
√

|E| is important physics: a weakly bound neutron has a long
exterior tail. Near the neutron drip line this produces diffuse skins and, for low ℓ where the
centrifugal barrier is small, halo structure. A bound proton also decays, but its asymptotic tail
is modified by the repulsive Coulomb potential rather than being a pure exponential at finite
radius.

For protons one must add the Coulomb potential of the remaining charge distribution. A
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simple estimate for a uniformly charged sphere of radius R is

VC(r) =


(Z − 1)e2

8πϵ0R

(
3 − r2/R2)

, r ≤ R,

(Z − 1)e2

4πϵ0r
, r > R.

(1.9)

Consequently the effective proton potential is raised and is less binding than the neutron potential
at the same A. It is misleading to call the Woods–Saxon geometry itself “wider”: the Coulomb
tail is long-ranged, while the spatial extent of an orbital depends on its binding and angular
momentum. Coulomb repulsion is one reason heavy stable nuclei require N > Z [6, 1].
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Figure 1.1: Woods–Saxon potential V (r) used as the basic single-particle nuclear mean field. The red
marker indicates the half-depth radius R (original vector evaluation of the analytic form; Woods and
Saxon [10]).

1.3 From oscillator to Woods–Saxon to spin–orbit

Compared with the oscillator, a finite diffuse well lowers high-ℓ orbitals preferentially (they live
nearer the surface) and lifts accidental degeneracies such as 1d–2s and 1f–2p. Typical trends
when passing from oscillator (HO) to Woods–Saxon (WS) before spin–orbit:

• 1f drops more than 2p;

• 1g drops strongly, approaching the 1f, 2p region;

• 1d and 2s split, with 1d usually lower;

• 2d and 3s descend; the uppermost level becomes 1h.

Adding ℓ · s then splits each ℓ > 0 level: 1p → p3/2, p1/2; 1d → d5/2, d3/2; 1f → f7/2, f5/2;
1g → g9/2, g7/2; 1h → h11/2, h9/2. The magic numbers remain 2, 8, 20, 28, 50, 82, 126, but the
detailed spacings become realistic (Fig. 1.2).
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Figure 1.2: Single-particle spectrum: harmonic oscillator (HO), Woods–Saxon (WS), and Woods–Saxon
plus spin–orbit (WS+LS). Red circles mark shell closures (adapted from the original PH5001 lecture
figure; cf. Dunlap [1] and Krane [6]).
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Key idea

Magic numbers are robust once spin–orbit is present. Energy values and intra-shell ordering
depend on the central potential; Woods–Saxon is the standard realistic choice. The finite
depth controls separation energies, the diffuseness controls surface physics, the centrifugal
term separates different ℓ, and spin–orbit coupling separates j = ℓ ± 1

2 .

1.4 Extreme single-particle model

In the extreme single-particle (or independent-particle) limit one assumes:

1. nucleons fill the lowest available single-particle orbits;

2. residual interactions are dominated by pairing of like nucleons into J = 0 pairs;

3. ground-state properties of odd-A nuclei (spin, parity, magnetic moment) are carried by the
last unpaired nucleon.

Even–even nuclei then have all nucleons paired. The model is most reliable near closed shells;
mid-shell, configuration mixing and collective motion become essential (Lecture 15).

1.5 Spin and parity: notation

Nuclear “spin” means total angular momentum I (often written J). For a single nucleon,

j = ℓ + s, |j| =
√

j(j + 1) ℏ, π = (−1)ℓ. (1.10)

The spectroscopic label is Iπ (or Jπ). Example: a nucleon in d5/2 (ℓ = 2, j = 5
2) has Iπ = 5

2
+.

1.6 Even–even ground states and paired 0+ structure

In the paired mean-field limit, like nucleons occupy time-reversed states and couple predominantly
to total angular momentum zero. Consider two identical nucleons in the same nℓj orbit. The
Pauli principle restricts the allowed total angular momenta of the pair to the even values

I = 0, 2, . . . , 2j − 1 (1.11)

(odd multipoles are excluded for two identical fermions in one j shell). Among these, the residual
short-range attraction favours the maximum spatial overlap, which occurs for the I = 0 pair.
That pair has positive parity regardless of whether ℓ is even or odd, because

πpair = (−1)ℓ (−1)ℓ = +1. (1.12)

If the even–even ground state is dominated by this paired structure,

Iπ = 0+, (1.13)
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independent of which orbits are filled. Observed even–even nuclear ground states are 0+, but
that empirical rule is not proved merely by particle counting: deformation and configuration
mixing can make the wave function highly correlated while preserving 0+ [6, 1, 20]. The magnetic
moment vanishes as well (Lecture 14).

1.7 Odd-A nuclei: last nucleon rules

Either Z or N is odd. All but one nucleon form J = 0 pairs; the unpaired nucleon occupies the
last partially filled orbit nℓj and determines

I = j, π = (−1)ℓ. (1.14)

1.7.1 Example: 15N

Nitrogen-15 has Z = 7, N = 8. Neutrons fill a closed shell through 1p1/2. The proton occupation
is

(1s1/2)2(1p3/2)4(1p1/2)1. (1.15)

The unpaired proton is in 1p1/2 (ℓ = 1, j = 1
2), so

Iπ = 1
2

−
, (1.16)

in agreement with experiment.

1.7.2 Nearby configurations and mixing: 61Ni

Nickel-61 has Z = 28, N = 33. The protons fill the closed Z = 28 shell. Above the N = 28
neutron core one must place five valence neutrons in the 2p3/2, 1f5/2 and 2p1/2 sequence. Two
limiting basis configurations illustrate the role of residual interactions:

(2p3/2)4(1f5/2)1 ⇒ Iπ = 5
2

−
, (1.17)

(2p3/2)3(1f5/2)2 ⇒ Iπ = 3
2

−
. (1.18)

In the second basis configuration the two 1f5/2 neutrons can form a J = 0 pair, leaving the
odd neutron in 2p3/2. Experiment finds Iπ = 3

2
− for the ground state of 61Ni [20, 21, 6]. This

fixes the total quantum numbers, not a unique occupation: the physical state is a shell-model
superposition of nearby configurations with Iπ = 3/2−, including core-coupled pieces.

The lesson is not a universal rule that “pairing is always stronger in high-ℓ orbits”, but
rather that residual pairing and configuration mixing can reorganise nearby basis states when
single-particle spacings are small. The extreme model supplies useful labels, while spectroscopic
factors and a full diagonalisation test their purity [6, 1].
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Figure 1.3: One limiting 61Ni valence configuration, (2p3/2)3(1f5/2)2, compatible with a 3/2− odd
neutron. The evaluated ground-state spin is 3/2−, but the physical wave function mixes this and other
3/2− configurations [20, 21].

1.7.3 Example: 17O

Oxygen-17 (Z = 8, N = 9) has closed proton shells and neutrons (1s1/2)2(1p3/2)4(1p1/2)2(1d5/2)1

(Fig. 1.4). The valence neutron is 1d5/2, so

Iπ = 5
2

+
. (1.19)

Evaluated data confirm the ground state 5/2+ and a first excited 1/2+ state at 871 keV,
corresponding to promotion of the valence neutron to 2s1/2 [20, 21]. Negative-parity states
involve p-shell holes. Excited states of 17O are treated systematically in Lecture 15.

1.8 Odd–odd nuclei

Both an unpaired proton and an unpaired neutron contribute. Their angular momenta jp and
jn couple to a multiplet of total angular momentum

|jp − jn| ≤ I ≤ jp + jn, (1.20)

in integer steps, with parity
π = (−1)ℓp+ℓn . (1.21)

The triangle rule alone does not select the ground-state member of the multiplet: residual
proton–neutron interactions decide the ordering. Nordheim’s empirical rules provide a first guide
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Figure 1.4: Shell-model level occupation for 17O: closed proton shell and unpaired 1d5/2 neutron
(original lecture figure).

[19, 6], but they are not rigorous theorems. Few odd–odd nuclei are stable (Lecture 5); 14N
(Iπ = 1+) is a classic light example [20].

Key idea

Even–even: 0+. Odd A: Iπ of the last unpaired nucleon (subject to pairing reordering near
closely spaced levels). Odd–odd: an allowed multiplet |jp − jn| ≤ I ≤ jp + jn, with the
ground member fixed by residual pn interactions.

1.9 Pairing and the SEMF

Two nucleons in the same j orbit prefer Ipair = 0. That pairing energy is the microscopic origin
of the SEMF pairing term δ (Lecture 4) and of the even–even preference for stability. Breaking
a pair costs ∼ 1–2 MeV and is the first step toward many low-lying even–even excitations
(two-quasiparticle states), while odd-A spectra often show the pure single-particle sequence until
core excitations set in [6].

1.10 Deeper physics: Woods–Saxon orbits and Iπ assignments

1.10.1 Woods–Saxon parameters and level ordering

The Woods–Saxon well (Equation (1.1))

V (r) = − V0
1 + exp[(r − R)/a] (1.22)

interpolates between −V0 in the interior and zero outside, with surface diffuseness a ≈ 0.65 fm.
Solving the radial Schrödinger equation (Equation (1.5)) with a spin–orbit term yields the
single-particle spectrum of Figure 1.2. The centrifugal barrier ℓ(ℓ + 1)ℏ2/(2mr2) raises p waves
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relative to s waves; spin–orbit further splits each ℓ into j = ℓ ± 1
2 . Near closed shells the extreme

model (Lecture 13) assigns ground-state Iπ from the last unpaired nucleon.

1.10.2 Worked Iπ assignments

Consider 17O (N = 9, Z = 8). The closed 16O core (N = 8 magic) leaves one neutron outside.
Filling the levels in Figure 1.2 places the valence neutron in the 1d5/2 orbit (ℓ = 2, j = 5

2).
Parity is (−1)ℓ = +, so

Iπ(17O) = 5
2

+
, (1.23)

matching ENSDF [20, 6]. For 15N (N = 7, one proton hole on 16O), the last unpaired proton
occupies 1p1/2 (ℓ = 1, j = 1

2), giving Iπ = 1
2

−.

Key idea

Assignment checklist.

1. Identify the closed core (magic N or Z).

2. Locate the last partially filled orbit in the WS diagram.

3. Read I = j and π = (−1)ℓ for a single unpaired nucleon.

4. Flag mid-shell nuclei (61Ni, etc.) where configuration mixing invalidates step 3.

Remark

Protons vs neutrons. Coulomb repulsion raises proton levels relative to neutron levels at
the same A, so mirror nuclei are similar but not identical. Transfer reactions measure proton
and neutron spectroscopic factors separately (Lecture 15 further material). Woods–Saxon
is a starting map, not the final word for drip-line nuclei where the continuum must be
included.

1.10.3 Centrifugal barrier and orbit ordering

The radial equation (Equation (1.5)) includes ℓ(ℓ + 1)ℏ2/(2mr2), which raises p-wave orbits
above s-waves and d-waves above p-waves at the same n. Combined with spin–orbit splitting,
this produces the familiar ordering 1s1/2, 1p3/2, 1p1/2, 1d5/2, . . . of Figure 1.2. Assigning Iπ is
then a bookkeeping exercise provided the last nucleon sits in a orbit separated from neighbours
by more than the residual interaction scale (∼ 1–3 MeV near closed shells, larger mid-shell)
[6, 20].

1.10.4 From orbits to transfer-reaction quantum numbers

One-nucleon transfer reactions (Lecture 15) populate the same orbits with angular-momentum
transfer ∆L = ℓ fixed by the reaction mechanism. If 17O is truly 1d5/2, a (d, p) cross section
on 16O should peak at the angular momentum matched to ℓ = 2. Mismatch between angular
distributions and the WS assignment signals configuration mixing (61Ni is the standard cautionary
example) [1, 6].
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1.10.5 Parity and allowed Iπ combinations

For a single nucleon, π = (−1)ℓ. Even–even ground states are 0+ (Section 1.6). Odd–odd nuclei
require coupling of two unpaired nucleons and can have Iπ values not accessible to a single orbit
(for example 0− from p1/2 ⊗ p1/2). The extreme model’s last-nucleon rule applies only to odd-A
nuclei; attempting to assign odd–odd ground states from one orbit alone is a common student
error [6, 20].

Surface thickness

For diffuseness a ≃ 0.6 fm, the 10%–90% skin thickness is t = 4a ln 3 ≃ 2.6 fm, matching
Lecture 1’s empirical surface. Changing a at fixed central depth moves single-particle
orbitals differently for low-ℓ and high-ℓ states because of their radial weighting at the
surface.

Configuration mixing in mid-shell nuclei fragments the single-particle strength: the spectro-
scopic factor to a given final state can be ≪ 1 even when a naive filling diagram suggests a pure
orbital. Always treat lecture Iπ rules as the first guess, then look for nearby levels of the same
parity that signal mixing.

Depth-extra reinforcement for continuum orbitals

A positive-energy “bound-state” root in a truncated basis is not a resonance. Record energy
and width from a continuum calculation before comparing with knockout data. This remark
protects Lecture 13 assignments near drip lines from a common misreading of numerical output.

Physics-depth close

The Woods–Saxon model is the usable mean field for Iπ assignments. Its parameters encode
saturation scales from Lecture 2 and its failures encode correlation physics from Lectures 14–15.
Treat every assigned Iπ as a hypothesis to check against ENSDF, not as a theorem.

Parameter correlations and drip-line caution

Depth, radius, and diffuseness of the Woods–Saxon well are correlated when only one eigenvalue
is constrained. Fitting several isotopic chains and both neutron and proton orbitals reduces
that ambiguity. Spin–orbit depths are further constrained by magic-number splittings from
Lecture 12. Near drip lines, a 5% depth change can unbind a weakly held orbital, so continuum
methods replace naive bound-state roots. Mid-shell nuclei fragment single-particle strength:
spectroscopic factors from transfer (Lecture 21) then replace the extreme last-nucleon rule. Keep
a short checklist: closed core? last orbit? I = j and π = (−1)ℓ? nearby same-parity levels
signalling mixing? That checklist is Lecture 13’s practical payload.

Surface weighting

High-ℓ orbitals weight the surface more than low-ℓ orbitals. Changing diffuseness at fixed
central density therefore reorders levels even when the rms radius from Lecture 1 is held
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fixed. Surface physics and shell ordering are inseparable.

1.11 Further physics: proton versus neutron potentials

Because protons feel Coulomb repulsion in addition to the nuclear mean field, the proton
single-particle spectrum is not identical to the neutron spectrum at the same A. Relative to
neutrons, proton orbits are pushed upward, and the least-bound proton typically has a smaller
separation energy near the proton drip line than the analogous neutron near the neutron drip
line [6, 1].

In transfer and knockout reactions one therefore maps proton and neutron spectroscopic
factors separately. Near closed shells the extreme single-particle assignments for Iπ remain robust;
far from stability the same residual interactions that reorder 61Ni can rearrange whole sequences
of levels and even dissolve traditional magic numbers. Modern shell-model and density-functional
calculations keep the Woods–Saxon (or Hartree–Fock) mean field as the starting point and
diagonalise a residual interaction in a truncated valence space.

1.11.1 Surface thickness of a Woods–Saxon potential

For V (r) = −V0/[1 + exp((r − R)/a)], the density falls from 90% to 10% of its central value over
a distance

t ≈ 4a ln 3 ≈ 4.4a. (1.24)

With a = 0.65 fm, t ≈ 2.9 fm, comparable to the nuclear skin thickness inferred from electron
scattering (Lecture 1). The radius R ≈ 1.25 A1/3 fm sets the bulk size; a sets the diffuseness.
Deeply bound orbits (1s, 1p) probe the interior; weakly bound valence orbits (1g, 1h) probe the
surface region where f(r) in the spin–orbit term peaks [6, 10].

1.11.2 Configuration mixing beyond the extreme model
61Ni (N = 33, one neutron outside 60Ni) is often quoted as Iπ = 3

2
− from the 1f5/2 orbit, but the

full spectrum shows multiple low-lying states within hundreds of keV. Residual interactions mix
1f5/2, 2p3/2, and 2p1/2 configurations, so the last-nucleon picture is a zeroth-order guide only.
The extreme model is reliable when the shell gap exceeds the residual interaction (∆ε ≫ Vres);
it fails in mid-shell where E(2+) drops to tens of keV (Lecture 15) [6, 1, 20].

Mirror pair 17O / 17F

Both have one nucleon outside 16O. Coulomb shifts the proton levels upward, so 17F
(I = 5

2
+, 1d5/2 proton) mirrors 17O (I = 5

2
+, 1d5/2 neutron) in Iπ but with different

separation energies. The magnetic moments differ because the valence nucleon charge differs
(Lecture 14): Schmidt lines apply separately to protons and neutrons [6, 20].

1.11.3 Bridge to Lectures 14–15

Iπ from the last nucleon (Section 1.7) is tested by magnetic moments (Lecture 14) and by
transfer reactions that measure spectroscopic factors (Lecture 15). A large spectroscopic factor
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confirms a pure single-particle assignment; fragmentation of strength signals mixing. Near closed
shells both tests usually pass; mid-shell they fail together, signalling the onset of collectivity [1].

1.11.4 Woods–Saxon parameters in numbers

Typical values for medium-mass nuclei are V0 ≈ 50 MeV, R ≈ 1.25 A1/3 fm, a ≈ 0.65 fm, and
a spin–orbit strength that splits 1f7/2 and 1f5/2 by several MeV. For 208Pb, R ≈ 6.5 fm and
the least-bound valence neutrons (1i13/2, 2g9/2) sit only ∼ 5 MeV below continuum threshold,
foreshadowing the drip-line physics discussed in the research frontier below [6, 10, 20].

1.12 Deeper reading: Iπ, spectroscopic factors, and the contin-
uum

The extreme single-particle picture assigns Iπ from the last odd nucleon’s orbital in a Woods–
Saxon potential. It works near closed shells and fails when configuration mixing or deformation
dominates (Lecture 15). Spectroscopic factors from transfer or knockout measure fragmentation
of that single-particle strength; quenching relative to independent-particle estimates is common
and partly a reaction-theory issue (Lecture 21).

Near drip lines, separation energies of a few hundred kilo-electronvolts make continuum
coupling mandatory: resonances replace bound orbitals. Halo candidates revisit Lecture 7’s
exterior-probability theme. Always cross-check lecture Iπ assignments against evaluated data
for a few odd-A neighbours to see where the simple rule still holds.

Depth, radius, and diffuseness trade-offs

Woods–Saxon parameters are correlated: a deeper, narrower well can mimic a shallower, wider
one for a single eigenvalue. Fitting several isotopic chains and both neutron and proton orbitals
reduces that ambiguity. Spin–orbit depth is additionally constrained by splitting systematics
from Lecture 12.

Resonance widths

Unbound orbitals acquire widths Γ. A level listed with E > 0 in a naive bound-state solver is not
a physical state until a continuum method assigns a resonance energy and width. Halo candidates
combine small Sn with large radii: revisit Lecture 7’s exterior probability for intuition.

Parameter sensitivity

Vary the Woods–Saxon depth by 5% at fixed radius and watch a weakly bound orbital’s separation
energy move by hundreds of kilo-electronvolts. Near the drip line that shift can unbind the
state entirely. Conversely, a deeply bound orbital barely moves. This sensitivity explains why
continuum methods are mandatory for halo candidates yet optional for deeply bound closed-shell
orbitals.

Assign Iπ for 17O, 41Ca, and 209Pb using a filling diagram, then check evaluated data. Where
the assignment works, the extreme single-particle picture is validated; where multiple nearby
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states share strength, Lecture 15 collectivity or configuration mixing is already leaking into the
ground state. Keep both outcomes as expected, not as embarrassments.

The Woods–Saxon model is the usable mean field for Iπ assignments. Its parameters encode
saturation scales from Lecture 2 and its failures encode correlation physics from Lectures 14–15.

In practice, rework one numerical estimate from the lecture with a different parameter set and
compare the shift to the quoted experimental uncertainty. If the shift exceeds the uncertainty,
the estimate is teaching a scale, not delivering a fit. That distinction keeps theoretical cartoons
honest when they sit beside evaluated data tables and modern many-body calculations. Along
the course arc, write one sentence linking this chapter backward and one forward: the discipline
of those two sentences is as important as any single formula. Examination problems rarely ask
for a literature review, but they do ask for the scale argument that literature reviews presuppose.

Synthesis problem

Write a half-page note that (i) restates the chapter’s central scale or selection rule in one equation,
(ii) evaluates it numerically for one concrete nucleus or energy, and (iii) names the neighbouring
lecture that uses the result. Keep the note free of research-frontier speculation; the goal is
fluency with the lecture physics itself. If an assumption fails (Born approximation, spherical
mean field, allowed transition, one-dimensional barrier), state the failure mode in a final sentence.
That habit converts passive reading into examination-ready understanding and makes the later
research-frontier box read as an extension rather than a replacement.

Research frontier: continuum shell structure and student projects

The Woods–Saxon extreme single-particle model of Lecture 13 remains the first interpreta-
tion of odd-A ground-state Iπ, but near drip lines the continuum and particle decay widths
must be included. Halo nuclei and unbound resonances require open quantum-system meth-
ods; spectroscopic factors extracted from knockout and transfer are often quenched relative
to independent-particle estimates [43, 51]. Ab initio and density-functional approaches aim
to predict drip lines and Sn surfaces before experiment reaches them [44]. Uncertainties that
still matter include the continuum discretisation in theoretical models, the reaction-theory
corrections needed to extract spectroscopic factors, and incomplete mass and lifetime data
along the most exotic isotopic chains. The lecture’s single-particle language is therefore a
starting map, not a finished atlas, for nuclei with small separation energies.
Near the drip line, even the definition of a single-particle energy becomes subtle because
resonances have widths. Open-system formulations replace bound orbitals with Gamow or
Berggren bases. Keeping that distinction clear prevents over-interpreting a Woods–Saxon
level diagram for nuclei with Sn of only a few hundred keV.
Distinguishing narrow resonances from true bound orbitals is essential before assigning
lecture-style Iπ labels near the drip line.
Student directions. (1) Potential exercise: for a Woods–Saxon profile, plot V (r) and estimate
the 10%–90% surface thickness t = 4a ln 3. (2) Data check: assign Iπ for 17O and 15N and
verify against ENSDF [20]. (3) Discussion: explain why 61Ni needs configuration mixing
even though a simple last-neutron rule exists.
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1.13 Problems with solutions
Problem 13.1 — Woods–Saxon radius

For 208Pb with r0 = 1.25 fm, compute R = r0A1/3. If a = 0.65 fm, estimate the 10%–90%
surface thickness t = 4a ln 3.

Solution 13.1

A1/3 = 2081/3 ≈ 5.924, R = 1.25 × 5.924 ≈ 7.40 fm.

The surface thickness is

t = 4a ln 3 = 4 × 0.65 × ln 3 ≈ 2.86 fm,

which is the Woods–Saxon 10%–90% surface thickness. It is not a neutron-skin thickness
(the neutron–proton radius difference) [1, 6, 10].

Problem 13.2 — Ground-state Jπ

Predict Iπ for 17O and for 40Ca in the extreme single-particle model.

Solution 13.2

17O: unpaired neutron in 1d5/2 (ℓ = 2, j = 5
2) ⇒ 5

2
+. 40Ca: doubly magic even–even ⇒ 0+

[6, 20].

Problem 13.3 — 15N configuration

Write the proton and neutron occupations of 15N and deduce Iπ.

Solution 13.3

Neutrons: closed through 1p1/2 (N = 8). Protons: (1s1/2)2(1p3/2)4(1p1/2)1. Unpaired
proton in 1p1/2 ⇒ Iπ = 1

2
− [6, 20].

Problem 13.4 — Odd–odd multiplet

An unpaired d5/2 proton and an unpaired p1/2 neutron form an odd–odd configuration. List
the allowed Iπ values and state what additional physics is needed to choose the ground
member.

Solution 13.4

|jp − jn| = 2, jp + jn = 3,

so I = 2, 3. Parity π = (−1)2+1 = −, hence 2− and 3−. Residual proton–neutron
interactions (guided empirically by Nordheim rules) select which of these is the ground

14



Nuclear and Particle Physics Shell Model: Woods–Saxon Potential and Ground-State Jπ

state [19, 6].
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