
Chapter 1

The Nuclear Shell Model

“The fundamental assumption of the shell model [is that] the motion of a single nucleon is
governed by a potential representing the average interaction with all the other nucleons.”
K. S. Krane

The liquid-drop SEMF (Lectures 4–5) describes bulk binding but cannot explain why certain
proton or neutron numbers are especially stable. Just as atomic chemistry is organised by
electronic shells, nuclear data show magic numbers

N,Z = 2, 8, 20, 28, 50, 82, 126 (1.1)

at which nuclei are more tightly bound, more abundant, and more spherical than the SEMF
alone predicts [6, 14, 1]. The nuclear shell model attributes those gaps to single-particle orbitals
in a mean field, completed by a strong spin–orbit force.

1.1 Atomic shells as a guide

In atoms, major shells and subshells organise the periodic table. Closed shells (noble gases) are
chemically inert: ionisation energies peak, radii are compact, and valence chemistry is nearly
absent. Alkali metals, with a single electron outside a closed shell, share chemical behaviour
because that valence electron dominates bonding.

The same logic applies to nuclei, with two important differences. First, both protons and
neutrons fill independent sequences of levels (two interpenetrating Fermi seas). Second, the
mean field is short-ranged and saturates, so the single-particle spectrum is not hydrogenic. Still,
when N or Z reaches a magic number, separation energies jump, radii and abundances show
discontinuities, and residual shell effects appear on top of the smooth SEMF [14, 6].

1.2 Empirical evidence for magic numbers

Several independent observables mark shell closures.

Binding-energy residuals. The difference between measured B/A and the SEMF shows
positive peaks near magic N or Z (extra binding of closed shells). Pronounced humps appear
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near N = 28, N = 50, N = 82 and Z = 28, 50, 82, among others (Fig. 1.1).
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Extra binding near shell closures

Figure 1.1: Schematic extra-binding residual near shell closures. This vector redraw shows the qualitative
signature, not digitized data [1, 6].

Nuclear radii. The ratio of the measured change in nuclear radius to a smooth estimate,
when N increases by two, fluctuates near N = 20, 28, 50, 82 (Fig. 1.2).
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Figure 1.2: Schematic radius-change anomalies near magic neutron numbers; the vector redraw is
qualitative rather than a measured dataset [1].

Stable isotones. The number of stable isotones peaks at magic neutron numbers (Fig. 1.3):
closed neutron shells favour more proton partners along the valley of stability.

Separation energies and first 2+. Approaching a closure from below, the last occupied
orbit becomes more strongly bound; crossing it, the next nucleon must enter the higher shell.
Thus Sn(N,Z) shows a pronounced downward step from magic N to N + 1, and Sp behaves
analogously across magic Z. Equivalently, removing a nucleon from the closed-shell nucleus costs
unusually high separation energy. Even–even nuclei near magic numbers also have higher-lying
first 2+ states (more rigid, spherical cores).
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Figure 1.3: Schematic enhancement of stable-isotone counts at magic N . The vector redraw is qualitative
rather than a measured dataset [1].

The experimentally identified closures are

2, 8, 20, 28, 50, 82, 126.

Beyond 126, laboratory superheavy nuclei still show evidence for further shell gaps [6, 1].

Key idea

Magic numbers are experimental facts. The shell model is the mean-field theory that
predicts them once a realistic single-particle potential and spin–orbit coupling are chosen.

1.3 Mean field and single-particle motion

The translationally invariant intrinsic Hamiltonian of A nucleons may be written schematically

Hint =
A∑

i=1

p2
i

2m − P 2
cm

2Am +
∑
i<j

vij +
∑

i<j<k

Vijk, (1.2)

where Pcm = ∑
i pi, vij contains the strong interaction, Coulomb repulsion among protons, and

weaker electromagnetic corrections, and Vijk denotes genuine three-nucleon forces discussed in
Lecture 11. Subtracting the centre-of-mass (CM) kinetic energy prevents spurious translation of
the whole nucleus from being counted as intrinsic excitation. Solving (1.2) exactly is impossible
for medium and heavy nuclei. The independent-particle approximation replaces the two-body
sum by a one-body mean field U(r) that represents the average interaction of one nucleon with
all others:

H ≃
A∑

i=1

[
p2

i

2m + U(ri)
]

+ Vres. (1.3)

Here Vres collects residual two- and three-body effects not absorbed into U . Equation (1.3) also
assumes that CM contamination has been removed or is negligible in the chosen intrinsic basis.
Pairing and collective correlations live in Vres and become essential away from closed shells
(Lectures 13–15).
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The mean field is not an externally imposed force. It is generated by the nucleons themselves,
so a microscopic calculation determines the occupied orbitals and U self-consistently: the orbitals
produce a density, the density produces a new field, and the cycle is repeated until both agree.
The Pauli principle is essential in this picture. It forces identical nucleons to occupy different
quantum states and builds separate proton and neutron Fermi seas. Nuclear saturation then
explains why the depth and interior density of the mean field remain roughly independent of A,
while its radius grows approximately as A1/3.

For spherical nuclei one takes a central potential U(r) = V (r). Spherical symmetry implies
that L2 and Lz commute with the single-particle Hamiltonian, so the orbital wave function
separates as

ψnℓm(r) = unℓ(r)
r

Yℓm(r̂). (1.4)

Substitute into the single-particle Schrödinger equation

− ℏ2

2m∇2ψ + V (r)ψ = Eψ.

The Laplacian in spherical coordinates yields the radial equation for u(r):

− ℏ2

2m
d2u

dr2 +
[
V (r) + ℓ(ℓ+ 1)ℏ2

2mr2

]
u = E u. (1.5)

Boundary conditions are

u(0) = 0 (regularity at the origin) (1.6)

and, for a bound state in a finite well,

u(r) → 0 as r → ∞. (1.7)

Protons and neutrons fill independent sequences of solutions of (1.5) (two Fermi seas). Each
spatial orbital of angular momentum ℓ admits 2(2ℓ+ 1) identical nucleons once spin s = 1

2 is
included, before spin–orbit coupling is turned on. Different choices of V (r) change level spacings
but, without spin–orbit coupling, fail to produce the full set of magic numbers [6, 1, 13].

1.4 Infinite spherical well

Take V = 0 for r < R and V = ∞ for r ≥ R. Inside the well the potential term vanishes and
(1.5) becomes

− ℏ2

2m
d2u

dr2 + ℓ(ℓ+ 1)ℏ2

2mr2 u = E u. (1.8)

Define the wave number

k =
√

2mE
ℏ2 , (1.9)
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so that E = ℏ2k2/(2m). The regular solution of (1.8) is proportional to a spherical Bessel
function,

u(r) = Ar jℓ(kr), (1.10)

because jℓ(ρ) satisfies the free radial equation with ρ = kr. The infinite wall requires u(R) = 0,
hence

jℓ(kR) = 0. (1.11)

Let xℓ,n denote the nth positive zero of jℓ. Then

knℓ = xℓ,n

R
, Enℓ =

ℏ2x2
ℓ,n

2mR2 . (1.12)

For ℓ = 0,
j0(ρ) = sin ρ

ρ
,

so the zeros are x0,n = nπ with n = 1, 2, 3, . . .. Higher ℓ require tabulated zeros. Ordering the
resulting energies produces the sequence

1s, 1p, 1d, 2s, 1f, 2p, 1g, . . .

(with 1d and 2s nearly degenerate in some realisations). Unlike the Coulomb atom, there is no
prohibition on 1p, 1d, 1f : the nuclear mean field is not 1/r.

Figure 1.4: Infinite square-well single-particle levels with degeneracies and cumulative shell closures
(original lecture figure).

Each spatial orbit of orbital angular momentum ℓ holds 2(2ℓ+ 1) identical nucleons once
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spin is included: 2ℓ + 1 orbital projections and two spin states. Cumulative filling therefore
closes shells at

1s → 2,

1s+ 1p → 2 + 6 = 8,

1s+ 1p+ 1d+ 2s → 8 + 10 + 2 = 20,

but not at 28, 50, 82, 126 [6, 1].

1.5 Isotropic harmonic oscillator

A second standard potential is the three-dimensional isotropic oscillator

V (r) = 1
2mω

2r2. (1.13)

In Cartesian coordinates the Hamiltonian is a sum of three independent one-dimensional
oscillators,

H =
∑

i=x,y,z

(
p2

i

2m + 1
2mω

2x2
i

)
, (1.14)

with eigenvalues

E =
(
nx + ny + nz + 3

2
)
ℏω, nx, ny, nz = 0, 1, 2, . . . . (1.15)

Define the principal oscillator quantum number

N = nx + ny + nz = 0, 1, 2, . . . . (1.16)

Then
EN =

(
N + 3

2

)
ℏω. (1.17)

Equivalently, in spherical coordinates one writes N = 2nr + ℓ with radial quantum number
nr = 0, 1, 2, . . . and orbital angular momentum ℓ. Nuclear spectroscopic labels conventionally
shift the radial count so that the lowest s orbit is called 1s (corresponding to nr = 0).

All states with the same N are degenerate. The number of Cartesian solutions with
nx + ny + nz = N is (

N + 2
2

)
= (N + 1)(N + 2)

2 . (1.18)

Including two spin projections multiplies by 2, so the occupancy of major shell N is

gN = (N + 1)(N + 2). (1.19)

Explicitly:
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N Orbitals (nuclear labels) Occupancy gN Cumulative

0 1s 2 2
1 1p 6 8
2 1d, 2s 12 20
3 1f, 2p 20 40
4 1g, 2d, 3s 30 70

Cumulative magic numbers from pure oscillator filling are therefore 2, 8, 20, 40, 70, . . .. Again
the empirical sequence beyond 20 is missed [6, 14, 13].

Figure 1.5: Harmonic-oscillator major shells with cumulative occupancies (original lecture figure).

Remark

Both the infinite well and the oscillator are unphysical as absolute walls: a particle cannot
be removed by any finite energy. Real nuclei have finite separation energies Sn, Sp ∼ a few
to tens of MeV. Finite wells (Lecture 13) fix that defect without, by themselves, fixing the
magic numbers past 20.
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1.6 Toward a realistic potential: Woods–Saxon shape

A finite square well allows a nucleon to have finite removal (separation) energy but retains a
discontinuous edge. Nuclear density falls smoothly over a 10%–90% surface thickness t = 4a ln 3,
typically 2–3 fm. The most successful central mean field is the Woods–Saxon form

V (r) = − V0
1 + exp

[
(r −R)/a

] , (1.20)

with R = r0A
1/3 and diffuseness a ∼ 0.5 fm (Fig. 1.6). Even so, Woods–Saxon alone does not

rearrange the magic numbers past 20; the essential missing piece is spin–orbit coupling [10, 6].
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Figure 1.6: Woods–Saxon single-particle potential: flat attractive interior, diffuse surface, and finite
depth (original vector evaluation of the analytic form; Woods and Saxon [10]).

1.7 Spin–orbit coupling and the correct magic numbers

Historical note: Mayer and Jensen (1949)

Maria Goeppert Mayer and, independently, J. Hans D. Jensen (with Haxel and Suess)
showed that a strong nuclear spin–orbit force Vso(r) ℓ · s splits each ℓ > 0 level into j = ℓ ± 1

2
and rearranges the spectrum so that the empirical magic numbers appear. They shared the
1963 Nobel Prize in Physics with Wigner. The nuclear spin–orbit force is much stronger than
its atomic electromagnetic counterpart and is a residual effect of the underlying NN

interaction [6, 14].

Without spin–orbit coupling the single-particle Hamiltonian commutes with ℓz and sz. A
dimensionally explicit phenomenological choice is

Hso = Cso
1
r

dVWS
dr

ℓ · s

ℏ2 , (1.21)

where Cso has dimensions of length squared; hence (1/r)dV/dr times Cso has dimensions of
energy. Because VWS changes most rapidly near r ≃ R, the nuclear spin–orbit interaction is
surface peaked. High-ℓ orbits are especially sensitive: their centrifugal barrier pushes their
probability density toward the surface, precisely where the derivative is largest. The constant

8



Nuclear and Particle Physics The Nuclear Shell Model

and its sign are fitted so that the j = ℓ+ 1
2 partner is the lower one. With this term, the good

quantum numbers change: H no longer commutes with ℓz or sz, but still commutes with ℓ2, s2,
j2 and jz, where

j = ℓ + s, j = ℓ± 1
2 (ℓ ≥ 1). (1.22)

States are therefore labelled nℓj (e.g. 1d5/2, 1d3/2).

1.7.1 Expectation value of the spin–orbit operator

Start from the operator identity obtained by expanding j2 = (ℓ + s)2:

j2 = ℓ2 + s2 + 2 ℓ · s, (1.23)

and therefore
ℓ · s = 1

2
(
j2 − ℓ2 − s2). (1.24)

On a simultaneous eigenstate of j2, ℓ2 and s2 with eigenvalues j(j + 1)ℏ2, ℓ(ℓ + 1)ℏ2 and
s(s+ 1)ℏ2,

⟨ℓ · s⟩ = ℏ2

2
[
j(j + 1) − ℓ(ℓ+ 1) − s(s+ 1)

]
. (1.25)

For nucleons s = 1
2 , so s(s+ 1) = 3

4 .

Partner j = ℓ+ 1
2 .

j(j + 1) =
(
ℓ+ 1

2

)(
ℓ+ 3

2

)
= ℓ2 + 2ℓ+ 3

4 ,

hence

j(j + 1) − ℓ(ℓ+ 1) − s(s+ 1) =
(
ℓ2 + 2ℓ+ 3

4
)

−
(
ℓ2 + ℓ

)
− 3

4 = ℓ,

and
⟨ℓ · s⟩j=ℓ+1/2 = ℏ2

2 ℓ. (1.26)

Partner j = ℓ− 1
2 .

j(j + 1) =
(
ℓ− 1

2

)(
ℓ+ 1

2

)
= ℓ2 − 1

4 ,

hence

j(j + 1) − ℓ(ℓ+ 1) − s(s+ 1) =
(
ℓ2 − 1

4
)

−
(
ℓ2 + ℓ

)
− 3

4 = −(ℓ+ 1),

and
⟨ℓ · s⟩j=ℓ−1/2 = −ℏ2

2 (ℓ+ 1). (1.27)

Treating Hso as a first-order perturbation to a central-field radial state unℓ, normalized by∫∞
0 |unℓ(r)|2dr = 1, gives

∆E(1)
nℓj = Cso

∫ ∞

0
|unℓ(r)|2

1
r

dVWS
dr dr ⟨ℓ · s⟩j

ℏ2 . (1.28)
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Defining the energy coefficient multiplying ⟨ℓ · s⟩ as ⟨f⟩, the nuclear ordering corresponds to
⟨f⟩ < 0, so the j = ℓ+ 1

2 partner is lowered and the j = ℓ− 1
2 partner is raised. Their splitting is

∆Eso = Ej=ℓ−1/2 − Ej=ℓ+1/2 = −⟨f⟩ ℏ
2

2 (2ℓ+ 1). (1.29)

Large-ℓ orbits therefore split most; s states (ℓ = 0) do not split at all.
That reordering is decisive. The high-j members of each major shell (1f7/2, 1g9/2, 1h11/2,

1i13/2) drop into lower major shells and open gaps at the observed magic numbers [16, 17, 6, 14]:

• 1f7/2 (occupancy 2j + 1 = 8) alone closes a shell at 20 + 8 = 28;

• after 28, filling 2p3/2(4) + 1f5/2(6) + 2p1/2(2) + 1g9/2(10) = 22 yields 28 + 22 = 50;

• the next major regrouping, including 1h11/2 (occupancy 12), yields 82;

• including 1i13/2 (occupancy 14) yields 126.

Figure 1.7: Harmonic-oscillator levels with ℓ2 and spin–orbit splitting. Empirical magic numbers are
highlighted (original lecture figure; cf. Mayer [16] and Haxel, Jensen and Suess [17]).

Each j subshell holds 2j + 1 identical nucleons (protons or neutrons separately). Cumulative
filling:
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Newly added subshell(s) Total occupancy N or Z

1s1/2 2
+1p3/2, 1p1/2 8
+1d5/2, 2s1/2, 1d3/2 20
+1f7/2 28
+2p3/2, 1f5/2, 2p1/2, 1g9/2 50
+1g7/2, 2d5/2, 2d3/2, 3s1/2, 1h11/2 82
+1h9/2, 2f7/2, . . . , 1i13/2 126

Key idea

Central potentials alone give 2, 8, 20. Spin–orbit coupling is required for 28, 50, 82, 126.
Remember the mechanism, not only the list: surface-peaked spin–orbit coupling lowers the
high-j (j = ℓ+ 1

2) orbit, that orbit carries 2j + 1 nucleons, and its large occupancy creates
the next shell gap.

Caution

Nuclear spin–orbit ordering is opposite to the atomic fine-structure pattern for electrons:
in nuclei j = ℓ + 1

2 lies below j = ℓ − 1
2 . The strength is also orders of magnitude larger

(MeV scale vs. fractions of an eV in atoms), because the force is residual strong interaction,
not electromagnetism.

1.8 Why the potential shape alone is not enough

Finite square wells, wells with rounded edges, and the Woods–Saxon form all improve separation
energies and level densities relative to infinite walls. They do not, by themselves, produce the
full magic sequence: the level order remains close to that of the oscillator or infinite well until
ℓ · s is added. Conversely, once a strong spin–orbit term is present, magic numbers appear for a
wide class of reasonable central shapes. The empirical gaps are therefore a robust signature of
spin–orbit physics, not a fine-tuned accident of one potential [6, 1].

1.9 Deeper physics: harmonic-oscillator shells and spin–orbit
splitting

1.9.1 HO quantum numbers and naive closures

In a three-dimensional harmonic oscillator,

EN = ℏω
(
N + 3

2

)
, N = 2nr + ℓ, (1.30)

with radial quantum number nr and orbital ℓ. Degenerate shells at N = 0, 1, 2, 3, . . . would give
closures at 2, 6, 12, 20 nucleons if all ℓ values up to N were filled with their full degeneracies
(2ℓ+ 1) × 2 (spin). That pattern matches the first two magic numbers (2 and 8) but fails at 20:
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experiment demands 20, 28, 50, 82, 126 [6, 1].

1.9.2 Spin–orbit splitting in one formula

A nucleon with velocity v in orbit ℓ sees a magnetic field from the nuclear centre, and Thomas
precession fixes the single-particle spin–orbit potential to the form

Ĥso = −f(r) L · S, (1.31)

with f(r) > 0 in the nuclear interior. States with j = ℓ+ 1
2 ( L and S aligned) are pushed down;

states with j = ℓ − 1
2 are pushed up. The 1f7/2 orbit dropping below 2p3/2 at N = 28 is the

canonical example: without (1.31), the shell at N = 20 would close too early.

Splitting scale estimate

Take ℏω ≈ 41A−1/3 MeV and a typical f(r) ∼ 10 MeV acting on ⟨L · S⟩ ∼ ℓ/2 for j = ℓ+ 1
2 .

The resulting ∼ 5–10 MeV splittings between j = ℓ± 1
2 partners are comparable to the HO

spacing and suffice to reorder levels across major shells. Magic numbers are therefore not a
property of HO alone but of HO plus a strong spin–orbit force (Mayer and Jensen, 1949)
[6, 14].

Remark

Limits. The HO picture ignores deformation (Lecture 15), pairing gaps, and configuration
mixing. Far from stability, traditional closures migrate (islands of inversion). The filling
diagram in the main text is a mean-field map: residual interactions spread single-particle
strength and shift separation energies by hundreds of keV even near closed shells.

1.9.3 Magic numbers as discontinuities in observables

Each magic number appears simultaneously in:

• a jump in two-nucleon separation energy S2n (Section 1.10);

• a peak in the first 2+ energy in even–even neighbours (Lecture 15, ??);

• a reduction in collectivity (small B(E2) near closed cores).

The HO plus spin–orbit model predicts where those discontinuities occur; residual interactions
set their size. Filling the WS diagram (Lecture 13) is the operational step that turns magic
numbers into Iπ and Schmidt assignments (Lecture 14) [1, 6].

1.9.4 Pairing and even–even 0+ ground states

Even–even nuclei have Iπ = 0+ because like nucleons pair to J = 0 (??). Pairing gaps of
∼ 1 MeV smooth odd–even staggering in separation energies but do not remove magic-number
jumps at major shells. The shell model therefore uses a mean field (this lecture) plus pairing
(later refinements) before configuration mixing and collectivity (Lecture 15) enter [14, 6].
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1.9.5 Harmonic-oscillator frequency ℏω

The empirical rule ℏω ≈ 41A−1/3 MeV sets the spacing between major HO shells and therefore
the scale of separation-energy jumps at magic numbers. For 208Pb, ℏω ≈ 7 MeV, comparable
to the spin–orbit splitting of the 1i13/2 and 2g9/2 orbitals near the neutron drip line. Residual
interactions of similar magnitude mix those orbits in exotic nuclei, which is why the independent-
particle picture weakens far from stability even when magic numbers persist in lighter isotopes
[1, 6].

1.10 Further physics: separation energies and double magic
nuclei

Doubly magic nuclei (Z and N both magic), such as 4He, 16O, 40Ca, 48Ca, and 208Pb, combine
large Sn and Sp, spherical shape, and simple particle/hole spectra when one nucleon is added or
removed [14, 6, 20]. They are the benchmarks against which residual interactions and ab initio
methods are tested.

The one-nucleon separation energies

Sn(A,Z) = B(A,Z) −B(A− 1, Z), (1.32)

Sp(A,Z) = B(A,Z) −B(A− 1, Z − 1) (1.33)

jump when a shell closes, in direct analogy with atomic ionisation energies. Two-nucleon
separation energies S2n and S2p are often smoother against odd–even staggering and therefore
especially useful for mapping shell evolution far from stability.

Magic numbers need not be universal. Far from the valley of β stability, especially in
neutron-rich light and medium-mass nuclei, experimental spectroscopy shows that traditional
closures such as N = 20 or N = 28 can weaken or migrate (“islands of inversion”). The next
predicted closures beyond N = 126 (e.g. N = 184, Z = 114 or nearby) underlie the search for
superheavy islands of stability [14, 1].

1.10.1 HO filling through N = 40 and where it fails

In the pure HO model (Equation (1.30)), each major shell N contains orbits with ℓ = N,N−2, . . .
up to parity constraints. Counting degeneracies (2ℓ+ 1) × 2 and accumulating:

N Orbits Cumulative nucleons Experiment

0 1s1/2 2 2
1 1p3/2, 1p1/2 6 6
2 1d5/2, 2s1/2, 1d3/2 12 —
3 1f7/2, . . . 20 (HO) 20
with spin–orbit: 1f7/2 drops → magic 28

The failure at N = 2 (HO predicts 12, magic is 8) is cured by spin–orbit pushing 1p3/2 down
from the N = 2 shell. The failure at 20 without spin–orbit is cured by 1f7/2 dropping to open
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the gap at 28 [6, 1].

1.10.2 Spin–orbit splittings in the WS spectrum

In a Woods–Saxon plus spin–orbit potential (Lecture 13), the splitting between j = ℓ+ 1
2 and

j = ℓ − 1
2 partners is largest for high ℓ near the surface, where f(r) peaks. The 1f7/2 orbital

(ℓ = 3) experiences a ∼ 7 MeV downward shift relative to its j = ℓ− 1
2 partner, enough to reorder

the N = 3 shell. Without this term, magic numbers would stop at 20 and the periodic table of
nuclei would not exist in its observed form [6, 14].

Shell gap vs ℏω

For 40Ca, the proton separation energy jump across Z = 20 is ∆Sp ∼ 15 MeV, while typical
single-particle spacings within a major shell are ∼ 1–3 MeV. The gap is therefore an order
of magnitude larger than the residual interaction scale, justifying the independent-particle
picture for one nucleon outside 40Ca (Lecture 13).

1.10.3 Bridge to Lectures 13–15

The filling diagram derived here supplies the orbit labels for Iπ assignments (Lecture 13) and
Schmidt moments (Lecture 14). Mid-shell even–even nuclei violate the independent-particle
picture for E(2+) (Lecture 15): the same shell gaps that produce magic numbers also control when
collectivity turns on. Separation-energy jumps at magic N (Section 1.10) are the experimental
signature that the HO plus spin–orbit map captures the mean field [1, 20].

1.10.4 Two-nucleon separation energies near 40Ca

The quantity S2n(A,Z) = B(A,Z) − B(A − 2, Z) smooths odd–even pairing staggering and
highlights shell closures. For the calcium chain, S2n shows pronounced steps at N = 20 and
N = 28, matching the WS filling diagram (??). Mid-shell between closures, S2n falls and E(2+)
in even–even neighbours drops (Lecture 15), marking the onset of collectivity. Magic numbers
are therefore visible simultaneously in separation energies, radii (Figure 1.2), and excited-state
systematics [6, 1].

1.11 Deeper reading: magic numbers, spin–orbit, and migration

The harmonic-oscillator magic numbers 2, 8, 20, 40, . . . fail above 40Ca without a strong spin–
orbit splitting that produces 28, 50, 82, 126. In neutron-rich nuclei those closures can migrate or
disappear (islands of inversion), while new closures appear. The tensor force of Lecture 9 is one
microscopic driver; continuum coupling near drip lines is another (Lecture 13).

Ab initio valence-space methods now derive effective interactions from chiral Hamiltonians
rather than fitting only two-body matrix elements to spectra. When comparing a textbook
USD-type interaction with an ab initio valence Hamiltonian, ask which observables were used in
the fit or validation and how uncertainties are quoted. Magic numbers remain the organisational
map; they are no longer immutable integers.
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Spin–orbit energy scale

A spin–orbit splitting of several mega-electronvolts near the Fermi surface reshuffles oscillator
shells into the empirical magic sequence. Without it, 48Ca and 208Pb would not be doubly magic
in the textbook sense. Measuring single-particle energies with transfer reactions (Lecture 21) is
how those splittings are tracked into exotic isotopes.

Effective interactions

Phenomenological valence interactions encode core polarisation in fitted two-body matrix ele-
ments. Ab initio valence-space methods compute those effects from a parent Hamiltonian. When
spectra agree but charge radii disagree, the operator (effective charge) is usually the culprit, not
the energies alone (Lecture 14–15 themes).

Filling diagram audit

Reproduce the oscillator filling through N = 40 and then insert spin–orbit splitting to recover
28, 50, 82. Mark which empirical magic numbers require the spin–orbit step. Next, list three
nuclei often cited as islands of inversion and write one sentence each on the spectroscopic evidence
(low E(2+), large B(E2), or intruder configurations). That audit turns magic numbers from
memorised integers into falsifiable claims.

When reading an ab initio spectrum for a medium-mass nucleus, record the chiral order, many-
body method, and model-space truncation in a three-line note. Without those, a predicted gap
cannot be compared fairly to experiment or to a phenomenological shell-model fit. Lectures 13–15
then test the resulting single-particle and collective consequences.

Magic numbers are experimental claims with theoretical mechanisms. Spin–orbit coupling,
tensor forces, and continuum effects are the mechanisms this course emphasises.

In practice, rework one numerical estimate from the lecture with a different parameter set and
compare the shift to the quoted experimental uncertainty. If the shift exceeds the uncertainty,
the estimate is teaching a scale, not delivering a fit. That distinction keeps theoretical cartoons
honest when they sit beside evaluated data tables and modern many-body calculations. Along
the course arc, write one sentence linking this chapter backward and one forward: the discipline
of those two sentences is as important as any single formula. Examination problems rarely ask
for a literature review, but they do ask for the scale argument that literature reviews presuppose.

Synthesis problem

Write a half-page note that (i) restates the chapter’s central scale or selection rule in one equation,
(ii) evaluates it numerically for one concrete nucleus or energy, and (iii) names the neighbouring
lecture that uses the result. Keep the note free of research-frontier speculation; the goal is
fluency with the lecture physics itself. If an assumption fails (Born approximation, spherical
mean field, allowed transition, one-dimensional barrier), state the failure mode in a final sentence.
That habit converts passive reading into examination-ready understanding and makes the later
research-frontier box read as an extension rather than a replacement.
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Research frontier: ab initio shells and student projects

Magic numbers of Lecture 12 are no longer viewed as immutable integers carved into the
chart of nuclides. In neutron-rich nuclei, traditional closures migrate or disappear (“islands
of inversion”), while new closures appear; the tensor force and continuum coupling are
key microscopic drivers [43]. Ab initio methods (coupled cluster, IMSRG, and valence-
space IMSRG) now compute medium-mass nuclei from chiral Hamiltonians and derive
effective shell-model interactions microscopically rather than by purely phenomenological
fits [44, 51]. What remains uncertain is the quantitative accuracy of ab initio spectra near
open-shell nuclei where collective correlations are strong, and how to assign meaningful
theory-uncertainty bars when truncating the many-body expansion. Facility programmes
at rare-isotope laboratories are designed to test these predictions with transfer, knockout,
and γ-ray spectroscopy far from stability [52].
Students reading ab initio papers should look for three reported items: the chiral order
of the Hamiltonian, the many-body truncation, and a quantified uncertainty estimate.
Without those, a predicted magic gap is difficult to compare with experiment. The lecture
filling diagram remains the map against which those predictions are judged.
Comparing two published IMSRG or coupled-cluster gap predictions for the same nucleus,
with their stated truncations, is a useful student literature exercise.
Facility proposals increasingly ask for such theory-uncertainty statements before claiming a
new closure has been established.
Student directions. (1) Table exercise: reproduce the oscillator filling table through N = 40
and mark where experiment disagrees. (2) Case study: pick one island-of-inversion nucleus
(e.g. 32Mg) and summarise the spectroscopic evidence for a weakened N = 20 gap. (3) Short
essay: contrast phenomenological USD-type interactions with a valence-space IMSRG
Hamiltonian.

1.12 Problems with solutions
Problem 12.1 — Occupancy of a j subshell

How many identical nucleons can occupy a 1g9/2 orbit? What cumulative magic number is
completed when 1g9/2 is filled after the N = 28 core and the 2p3/2, 1f5/2, 2p1/2 subshells?

Problem 12.5 — CM subtraction and separation step

Why is P 2
cm/(2Am) subtracted from the many-body Hamiltonian? Also state the expected

direction of the one-neutron separation energy step when going from a magic-N isotope to
its N + 1 neighbour.

Solution 12.5

The subtraction removes kinetic energy of translating the nucleus as a whole, leaving only
intrinsic motion; otherwise spurious CM excitations can pollute the shell spectrum. The
first neutron above a closed shell occupies a higher, less-bound orbital, so Sn drops from
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magic N to N + 1. Conversely, removing a neutron from the closed-shell nucleus requires
an unusually large Sn [6, 1].

Solution 12.1

A j subshell holds 2j + 1 identical nucleons, so

2j + 1 = 2 · 9
2 + 1 = 10.

After the N = 28 core the next orbits fill as

2p3/2 : 4,

1f5/2 : 6,

2p1/2 : 2,

1g9/2 : 10,

for a total of 4 + 6 + 2 + 10 = 22. The cumulative closure is 28 + 22 = 50 [6, 16].

Problem 12.2 — Why HO misses magic 28

The isotropic oscillator produces closures at 2, 8, 20, 40, . . .. Explain in one or two sentences
how spin–orbit coupling creates a gap at 28.

Solution 12.2

In the N = 3 oscillator shell the spin–orbit term lowers 1f7/2 (j = ℓ+ 1
2 , ℓ = 3) below the

remaining 2p and 1f5/2 partners. The isolated 1f7/2 subshell holds 2j + 1 = 8 nucleons, so
a new gap opens at 20 + 8 = 28 [6, 14, 17].

Problem 12.3 — ℓ · s expectation values

Using ℓ · s = 1
2(j2 − ℓ2 − s2), show that ⟨ℓ · s⟩ = 1

2ℓℏ
2 for j = ℓ+ 1

2 and −1
2(ℓ+ 1)ℏ2 for

j = ℓ− 1
2 . Then show that the partner splitting is proportional to 2ℓ+ 1.

Solution 12.3

With s = 1
2 , s(s+ 1) = 3

4 . For j = ℓ+ 1
2 ,

j(j + 1) =
(
ℓ+ 1

2

)(
ℓ+ 3

2

)
= ℓ2 + 2ℓ+ 3

4 ,

so
j(j + 1) − ℓ(ℓ+ 1) − s(s+ 1) = ℓ

and ⟨ℓ · s⟩ = 1
2ℓℏ

2. For j = ℓ− 1
2 ,

j(j + 1) − ℓ(ℓ+ 1) − s(s+ 1) = −(ℓ+ 1),
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hence −1
2(ℓ + 1)ℏ2. The difference of the two expectation values is 1

2(2ℓ + 1)ℏ2, so the
energy splitting scales as 2ℓ+ 1 once ⟨f(r)⟩ is factored out [6, 13].

Problem 12.4 — Oscillator degeneracy

Derive the occupancy gN = (N+1)(N+2) of major shell N in the isotropic three-dimensional
oscillator, including spin.

Solution 12.4

The number of non-negative integer solutions of nx+ny+nz = N is
(N+2

2
)

= (N+1)(N+2)/2.
Each spatial state admits two spin projections, so

gN = 2 · (N + 1)(N + 2)
2 = (N + 1)(N + 2).

For N = 0, 1, 2, 3 one recovers 2, 6, 12, 20, and the cumulative closures 2, 8, 20, 40 [6, 1].
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