Chapter 1

Scattering of Nucleons

“Although the study of the deuteron gives us a number of clues about the nucleon—nucleon
interaction, the total amount of information available is limited. .. To study the nucleon—
nucleon interaction in different configurations, we can perform nucleon—nucleon scattering

experiments.”

K. S. Krane

The deuteron (Lectures 7-9) is the only bound two-nucleon system. It samples the residual
NN force in a single channel, mostly 3S; with a few-percent D-wave, at a fixed average separation
fixed by weak binding. That is not enough to reconstruct the full force. There are no bound
excited states to explore other partial waves or spin orientations, and the continuum is invisible
from multipole moments alone [6].

Scattering supplies what the bound state cannot: controllable energy, access to £ =0,1,2, ...,
and both spin channels. In this lecture the experimental definition of the cross section is tied
to partial-wave analysis. Phase shifts §; become the language in which theory and experiment

meet for a short-range central potential [6, 1, 2, 14].

1.1 Why scatter neutrons on protons?

A scattering experiment uses a monoenergetic projectile beam and a target with many
scattering centres. For n—p scattering the projectiles are neutrons of chosen kinetic energy and
the target is hydrogen: each scattering centre is a free proton (bound only in the atom, irrelevant
at nuclear energies). A detector at polar angle € relative to the beam axis counts scattered
particles. For a central force the yield does not depend on the azimuthal angle ¢.

Hydrogen is essential for a clean NN measurement. On a heavy nucleus an incident nucleon
would scatter from several target nucleons within the force range, so the observed yield would
mix many-body effects. On hydrogen each encounter is a single np collision; multiple scattering
from different atoms is rare if the target is thin [6]. The same philosophy motivates electron
scattering on thin foils when one wants the elementary charge form factor (Lecture 1): isolate

one interaction per projectile.
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Figure 1.1: Schematic n—p scattering setup: monoenergetic projectile beam, hydrogen target, and
detector at angle 6.

1.2 Differential and total cross sections

The number dN of particles recorded in time ¢ into solid angle df) grows with exposure time,
detector acceptance, beam intensity I (particles per unit area per unit time), and the number of
target centres N; (or areal density n, times the illuminated area). These experimental knobs

are factored out by defining the differential scattering cross section do/d2 through

do
dN = —tdQ I N;. 1.1
10 f (1.1)
Equivalently,
do dN
_—_—= N, =tIA 1.2
dQ2  dQn, N, ’ P ’ (1.2)

with A the beam area. The cross section has dimensions of area; the historical unit is the barn,
1b=10"%*m? = 100 fm?.

Nuclear NN cross sections at low energy are tens of barns, huge compared with the geometric size
of a nucleon (~ 1fm?), a quantum enhancement characteristic of low-energy s-wave scattering
[6, 1].

Physically, do/dS2 is the effective area that the target presents for scattering into dQ2. It
packages all of the unknown dynamics into a measurable quantity: once do/d€) is known, one
can compare theories without redoing the experiment for every proposed potential.

Angles and energies may be quoted in the laboratory or centre-of-mass (CM) frame. Partial-
wave formulae below are written in the CM frame; converting to laboratory angles for equal-mass
np scattering is a standard kinematic exercise. The total elastic cross section is the angular

integral
do

Otot = @
For pure s-wave scattering, do/df2 is isotropic in the CM frame and ooy = 47 (do/dS2).

Q. (1.3)

1.3 Central potential, plane waves, and partial waves

A central potential V() depends only on the nucleon—nucleon separation. Angular momentum

about the force centre is then conserved, so eigenstates of definite orbital angular momentum ¢
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are useful. In the absence of interaction the incident beam is a plane wave along z,

4 VouE
ap—_ k:%: : : (1.4)

where p ~ my /2 is the reduced mass of the NN system and E is the centre-of-mass kinetic

—iBt/h makes the wave travel in the +z direction: toward the target for

energy. Multiplying by e
z < 0 and away from it for z > 0 [6].

A plane wave has definite energy and momentum along z, but it is not an eigenstate of L?.
It is a coherent superposition of all orbital angular momenta. Because of axial symmetry about
the beam, only projections m = 0 appear. The expansion in spherical waves (partial waves)

reads
o0

e =3 "i8(20 + 1) jo(kr) Py(cos0), (1.5)
=0

where j, are spherical Bessel functions and P, Legendre polynomials. Each term £ =0,1,2,...

is an s, p, d, ...wave with a definite impact-parameter character in the semiclassical picture.

1.4 Phase shifts: what a short-range potential can do

Detectors sit centimetres from the target, while the nuclear force acts only for r < a few fm.
Outside the force range the wave is free again; the potential cannot change its wavelength there.
What it can do is shift the phase of each outgoing partial wave relative to the free solution.

Free spherical waves have the asymptotic form

sin(kr — ¢m/2)

Je(kr) ~ . (kr — 00). (1.6)

In the presence of a short-range central potential the radial function wy(r) = rRy(r) for r larger

than the force range becomes
up(r) ~ sin(kr — w2 + 6;), (1.7)

where 0y(FE) is the phase shift in channel ¢ [6, 2]. Attractive potentials typically pull nodes of

uy toward the origin (positive dy); repulsive potentials push nodes outward (negative dy).

o interacting reégion free waves, shifted nodes

— s

R

Figure 1.2: Schematic s-wave radial wave u(r). Inside the force range the potential distorts the wave;
outside, the free oscillation is shifted by the phase dg.

All information about V(r) that elastic scattering at energy E can provide is encoded in

3
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the set {d;(F)}. Solving the radial Schrédinger equation for a model potential and reading dy is
the theoretical route; measuring do/d2 and fitting d;y is the experimental route. Phase shifts
themselves are not directly observed: they are a convenient parameterisation of the measured
cross sections (and polarisations). The two routes meet in (1.12) below.

For ¢ = 0 one may write the exterior wave as a combination of incoming and outgoing
spherical waves e*" /r. Scattering does not create or destroy particles in elastic scattering, so
it cannot change the amplitudes of those waves; it can only change the relative phase of the
outgoing piece. That single phase is dyp (up to a conventional factor of two in intermediate steps
of the algebra) [6].

1.4.1 Matching any partial wave at the force boundary

Let the potential vanish for » > R, and define the logarithmic derivative of the regular interior

solution by
!/
Y

Lo(E) =

Ug|R

With Riccati-Bessel functions jy(z) = zj,(x) and fg(z) = zng(z), write
uz(r) = Cg [5[(]437“) COS (54 - ﬁg(k?“) sin 5[] .
Continuity of uy and uj at R gives

kjy(kR) — Loje(kR)
}f)(KR) — Lg(FR)

tan dp = (1.8)

Thus the interior radial equation supplies one logarithmic derivative, which fixes §y, then Sy,

then the cross section.

1.5 Cross section from phase shifts

Matching the asymptotic partial-wave solution to an incident plane wave plus outgoing scattered
spherical wave produces the scattering amplitude f(#). Outside the force range the radial wave

in channel ¢ may be written as a superposition of incoming and outgoing spherical waves,
Ug(’l") x e—i(kr—(ﬂ/Q) -5, ei(k}?"—(ﬂ'/Q)’ (1.9)

with the unitary S-matrix element S, = %% for a real central potential (elastic scattering).
The coefficient of the outgoing scattered wave relative to the free case defines the partial-wave

amplitude

_ 2i6p 00 o3
szSgikl _e - 1 _e Zlnég' (1.10)
The incoming and outgoing radial probability currents are proportional to their squared ampli-
tudes. Elastic flux conservation therefore requires |Sy| = 1, so Sy = € with real §,. If inelastic
channels open, one instead writes Sy = €29, 0 < 1y < 1; all formulae below use the elastic

limit 7y = 1. Summing over partial waves with the Legendre weights of the plane-wave expansion
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gives
f() = Z(% +1) fo Pi(cos ) = % Z(Qﬁ +1) € sin 6y Py(cosb). (1.11)
=0 =0

The CM differential cross section is therefore

- 2
% = |f(0)]* = % 2(22 +1) € sin §; Py(cosb)| . (1.12)
=0

(The overall phase convention for et varies among sources; the measurable |f|? is fixed by the
d¢.) The factor (2¢ 4+ 1) counts magnetic substates of a given ¢; the Legendre polynomials build
the angular pattern of each partial wave.

When only £ = 0 contributes, Py = 1 and

d70‘ . sin250
dQ k2

(1.13)

independent of angle in the CM frame. For an s wave alone,

2 4

Otot = m 12

For a general partial-wave sum the different ¢ interfere in do/d(2, but after angular integration
the cross terms vanish by orthogonality [ PyPp dQ) = 47wdyy/(2¢ + 1). Each multipole then
contributes separately:
_47r°°€ ,25_477-25 |
Ttot = 73 2(2 + 1) sin“ oy = 72 Sin” & (s-wave only). (1.14)
£=0

Thus a single number dy(E) determines the entire low-energy elastic yield. The unitarity bound
sin?dp < 1 implies oyo; < 4m/k%: at very low energy the quantum cross section can greatly

exceed the geometric size of the potential well [6, 14].

Factor-of-four check. The physical outgoing-to-incoming phase is Sy = €%, not e,

Hence
Se—1

2ik

2 |2ie®tsindy|?  sin? &y
B 4k? - k2

For an s wave this gives o9 = 4msin® dg/k%. Dropping the factor 2 in S — 1 = 2ie” sin

produces the erroneous factor-of-four cross section.

1.5.1 Optical theorem from the same partial waves

At 0 =0, Py(1) =1, and therefore

(e e}

Im f(0) = % > (204 1)sin® 6.
=0
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Comparison with Equation (1.14) yields

Otot = 4%TIm f(0)|. (1.15)

The optical theorem is therefore the forward-angle statement of partial-wave unitarity.

For equal-mass np scattering the laboratory and CM scattering angles are related by ., =

Ocn/2, and
do do
<@> = 4 cos O,p <E> . (1.16)
lab CM

Partial-wave formulae in this lecture are always in the CM frame unless stated otherwise.

Phase shifts §, are the interface between potential and data. Theory: solve the radial

equation for V(r) and extract d,. Experiment: measure do/d2 and determine ;.

1.6 Low energy: only s-wave scattering

Semiclassically, a projectile of momentum p = /2uFE that grazes the force range ro carries
angular momentum ¢h ~ pro. For nuclear g ~ 2fm and F ~ 1MeV one finds pro/h < 1: the
projectile cannot bring ¢ > 1 inside the nuclear force range without flying past outside the well.
Only ¢ = 0 scatters. At E ~ 10MeV, ¢ = 1 begins to contribute [6].

A sharper estimate uses the free kinetic energy scale associated with confinement in a well of
size R,
00+ 1)n?

2uR?

For ¢ =1, R ~ 1fm, and uc® ~ 500MeV, T is tens of MeV. Incident energies far below that
scale justify the s-wave truncation [6].

T ~

This is why low-energy np data are so powerful and so simple: a single phase do(E) (actually

one for each spin channel) carries the dynamics, and o(#) is nearly isotropic.

1.7 Square well in the continuum: matching for £ > 0

The same square well used for the deuteron bound state can be solved for positive energy. For
(=0,

V(r) =

-V r <R,
{ 0 E>0. (1.17)

0 r> R,

Inside, u(r) = Asin(kir) with k1 = /2u(Vo + E)/h (regularity at the origin again kills the
cosine). Outside,

V2uk

u(r) = Csin(kr + do), k= P (1.18)
Continuity of u and v/ at r = R yields
kcot(kR + d9) = ki cot(k1R). (1.19)

6
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Solving for the phase shift,

do = arctan(lf tan(klR)> — kR (mod 7). (1.20)
1

Given E, Vj, and R, one thus obtains dg(F) and then predicts oo from (1.14) [6].
In the zero-energy limit & — 0, k; — K = /2uVy/h and the scattering length extracted
from a = — lim(tan dg/k) becomes
tan(KR
a=R-— (K) (1.21)
(If KR = /2, a — oo: the zero-energy bound-state threshold of Lecture 7.) Then ooy — 4ma?.
As Vh — 0, 69 — 0 and there is no scattering. For the attractive well fitted to the deuteron
(Vo = 35MeV, R ~ 2fm), low-energy dy is large and ot is tens of barns. Experiment finds the
zero-energy unpolarised np cross section near 20 b, not the ~ 4-5b that a pure triplet estimate
would suggest. The resolution is that free protons and neutrons scatter in a statistical mixture
of triplet and singlet spins: three triplet states and one singlet, so the spin weights are 3/4 and
1/4. Writing
o =30+ 105, (1.22)

and taking o; ~ 4ma? ~ 4.6b from the deuteron (triplet) channel leaves o5 ~ 70b: the singlet

interaction is strong but just unbound, producing a large negative scattering length [6, 14].

1.8 Scattering length and effective range

At vanishing energy, dg — 0 in such a way that

tan 50
=—1i 1.2
“ R0k (1:23)
defines the scattering length a. At low energy dg — 0 with tan dy ~ g ~ sin dg, so
tandg ~ —ka = sindy~ —ka
(to leading order in k). Insert into the s-wave total cross section:
4 4
Trot = 13 sin? 6 ~ ﬁ(lﬁ:a)2 = 4ma’. (1.24)
Thus as k — 0,
Trot — 4ma’. (1.25)

The sign of a carries physics: a large positive scattering length is characteristic of a barely bound
state (triplet, deuteron); a large negative scattering length signals a virtual state just above
threshold (singlet) [6, 14].
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Checked low-energy np numbers

Standard values are a; ~ +5.4 fm (triplet) and as ~ —23.7 fm (singlet). The unpolarised

zero-energy cross section is then
o= 47‘(’(%@% + }lag)
= 4r(3(5.4)? + 1(23.7)2) ~ 47 (21.9 + 140.4) ~ 20D,

matching experiment. The huge singlet piece dominates because |as| is so large: the singlet

potential nearly binds [6, 14].

A more accurate low-energy expansion follows from matching the exterior wave to an

effective-range expansion of the logarithmic derivative. Writing

1 1
kCOt502—5+§T0]€2+"' , (1.26)

defines the effective range ry of fermi size. The first two terms already reproduce low-energy
do(F) in each spin channel without committing to a full potential at every energy [6, 14]. Fitting
a and rg is how modern analyses encode low-energy NN physics.

The s-wave amplitude itself is

1 1
N kcot dy — ik N —1/(14—%7‘0]{2_@']{4_...'

fo(k) (1.27)

This form exposes both unitarity (the —ik term) and the pole structure. A shallow bound state

is a pole at k =ik, kK > 0. Setting the denominator to zero,

1 1 1 1

LD T (2 (i) — - _ = 2 _
a+ 2r0( KY)—i(ik) =0 = L 5ok +r=0, (1.28)

S0 . .
a:,{_§r0,§2_‘_...‘ (1.29)

At leading order a ~ 1/k > 0, as in the triplet deuteron channel. A pole on the negative
imaginary axis is a virtual state and corresponds at leading order to a large negative a, as in the
singlet channel. For the square well, KR = 7/2 makes a = R — tan(K R)/K diverge: the pole

reaches zero energy at exactly the bound-state threshold found in Lecture 7.

Key idea

The deuteron fixes the triplet well near threshold. Scattering reveals a strong singlet
interaction that fails to bind, and it maps how d,(F) evolve as higher partial waves open

with energy.




Nuclear and Particle Physics Scattering of Nucleons

1.9 Deeper physics: partial waves, scattering length, and uni-

tarity

1.9.1 From plane wave to partial-wave cross section

The lecture expands a plane wave in partial waves (Equation (1.5)) and shows that a short-range
potential can only shift the phase of each outgoing channel (Equation (1.7)). The differential

cross section then becomes a sum over ¢:

do 1 > i0p 2 ?
- Z(% + 1) e* sin &y Py(cosB)| (1.30)
/=0

which is (1.12) in the main text. At low energy only ¢ = 0 contributes (the centrifugal barrier
~ £(£ + 1)/r? suppresses higher waves), so the angular distribution is isotropic and fixing §o(F)

fixes the entire cross section.

1.9.2 Scattering length and effective range

Expanding do(E) ~ —ka+ O(k?) defines the scattering length a (Equation (1.23)). For the np
triplet channel, a; = +5.4 fm: the interaction is weakly attractive at threshold, consistent with
a shallow bound state (the deuteron, Lecture 7). The next term in the low-energy expansion
defines the effective range r. (Equation (1.26)), which sets the curvature of do(£) and is linked
to the interior shape of V(r). Together (a,r.) are the minimal low-energy data for each spin

channel; they cannot be read from By alone.

Geometric cross section at nuclear size

For a black-disk target of radius R ~ 1.2 AY/3 fm,

45mb A =12,
Ogeo = TR? = (1.31)
1.3b A =208,

using 1 b = 100 mb. Measured total reaction cross sections at tens of MeV often approach
this geometric scale, while elastic NN cross sections at low energy are set instead by a?

because the force range is only a few fm [6, 2].

1.9.3 Optical theorem as a consistency check

The optical theorem (Equation (1.15)) ties the forward amplitude to the total cross section:
a7
Otot — ? %f(O) (132)

In partial-wave language, ooy = (47/k) > ,(2¢ + 1)sin?6,. Each J;, must be real for elastic
scattering, so the sum is automatically positive: unitarity is built in. When imaginary optical
potentials are introduced for heavy-ion reactions (absorption into other channels), d; acquires an

imaginary part and the same relation remains the bookkeeping check that flux removed from
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the elastic channel equals flux into all inelastic channels.

1.9.4 Levinson’s theorem and the deuteron pole

For a short-range central potential with one s-wave bound state, Levinson’s theorem states
do(E = 0) = +7r/2. The scattering length is then positive and large when the bound state
is weakly bound (¢ > R). The deuteron pole in the T-matrix at £ = —Bjy is the analytic
continuation of this phase-shift behaviour: scattering and bound-state data are linked, not
independent fits [6, 2]. Lecture 7’s square well sits at the same threshold; Lecture 11’s Yukawa

tail sets the slope of dy(E) at higher energy through 7.

1.9.5 When partial waves beyond ¢ = 0 matter

At centre-of-mass energy E ~ 50 MeV, the p-wave (£ = 1) channel opens with centrifugal barrier
R20(¢ + 1)/(2ur?) suppressing low-r penetration. Triplet p waves and tensor mixing of s and
d waves become comparable in importance. At low energy (E < 10 MeV), however, the story
collapses to real dp and the isotropic cross section (1.33), which is why hydrogen-target neutron

scattering at thermal energies isolates the singlet/triplet spin structure introduced in Lecture 7.

1.10 Further physics: coherent scattering and spin channels

At very low energy the de Broglie wavelength of a neutron can exceed the size of a hydrogen
molecule. Scattering from the two protons then interferes coherently, and the cross sections of
ortho- and parahydrogen differ because the total proton spin of the molecule weights triplet and
singlet np amplitudes differently. That difference is direct evidence that oy # o [6].

The optical analogy remains useful: an attractive well of nuclear size diffracts the incident
wave much as an obstacle of size R diffracts light of wavelength \ ~ 27 /k. Partial-wave analysis

is the quantum bookkeeping of that diffraction pattern, partial wave by partial wave.

1.10.1 Source-map limitation

No text file named Lecturel0_raw.txt was present in the supplied course archive when this
chapter was remediated. Consequently, statements cannot be mapped line-by-line to an original
Lecture 10 raw transcript. The derivations are instead checked against the existing cited
textbook keys, and every redrawn figure has an explicit record in the relevant SOURCES.txt.

This documents the gap rather than inventing a raw provenance.

1.10.2 Low-energy s-wave cross section

When only ¢ = 0 contributes, (1.12) reduces to
4T P 9
Ttor = 75 5i° Go ~ 4ma (k —0), (1.33)

using 8y ~ —ka. For np scattering in the triplet channel, a; ~ +5.4 fm gives o, ~ 4ma? ~ 0.37b,

while the singlet channel with a; &~ —23.7fm yields o5 = 7b. The dramatic difference between

10
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spin channels is direct evidence of the spin-dependent force introduced phenomenologically in

Lecture 7’s two-well picture [6, 14].

1.10.3 Effective range and the interior of V(r)

The effective-range expansion (Equation (1.26))
11,
k:cotdoz—f—i—irek: + .. (1.34)
a

connects the curvature of dp(E) at threshold to the rms extent of the interaction region. For the
triplet channel, 7.; ~ 1.7 fm, comparable to the deuteron size. The deuteron binding energy
fixes the slope of k cot g near E' = 0 (Levinson’s theorem links one bound state to a 7/2 phase
shift at threshold), but r. carries independent information about the potential shape inside
r < 2fm. Fitting both a and r. breaks the (R, V) degeneracy of the square well (Lecture 7

further material).

Optical theorem at £ = 50 MeV

For np scattering near 50 MeV, several partial waves contribute and oot ~ 50-100 mb. The
optical theorem (Equation (1.15)) requires that the forward scattering amplitude’s imaginary
part reproduce this total. At higher energy, the geometric scale 7R? with R ~ 1fm gives
~ 10mb per nucleon—nucleon collision, while heavy-ion reaction cross sections grow with
A2/3 (Lecture 10 main text, Equation (1.3)).

1.10.4 Bridge to Lecture 11 and the deuteron

Yukawa potentials with range //(m,c) generate phase shifts that can be fitted to (a,re) in each
spin channel (Lecture 11). The deuteron (Lectures 7-9) is the bound-state pole in the triplet
s-wave amplitude (Equation (1.29)): scattering and bound-state data are two views of the same
T-matrix. Tensor and spin—orbit terms mix partial waves at higher ¢, but at low energy the

story reduces to real dp and the unitarity sum in (1.33) [2, 6].

1.10.5 Coherent scattering from parahydrogen

When the neutron wavelength exceeds the Hy bond length, scattering from the two protons adds
coherently. Parahydrogen (1,01 = 0) weights the singlet np channel; orthohydrogen (I, = 1)
weights the triplet. The measured difference in total cross sections at £ < 0.1eV directly
confirms o; # o, without resolving individual phase shifts. That experiment is historically
important because it established spin-dependent NN forces before direct accelerator phase-shift

analyses [6, 14].

1.10.6 Partial-wave unitarity and the ¢ =1 turn-on

As energy increases, the £ = 1 partial wave turns on when kR.g ~ 1. For A = 12 targets at
E ~ 20MeV, several partial waves contribute and diffraction minima appear in do/d2. The

optical theorem (Equation (1.15)) still holds channel by channel: the imaginary part of each

11
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partial-wave amplitude fixes the contribution to oyot. For NN scattering at low energy the
unitarity sum collapses to sin® dg, linking the deuteron pole (Lecture 7) to the threshold cross
sections quoted in (1.33) [2, 6].

1.11 Deeper reading: unitarity, optical theorem, and optical

potentials

At unitarity, an S-wave cross section saturates o = 47 /k?. Low-energy np scattering is large

because the deuteron is near threshold, not because the force is singular in a naive sense.

The optical theorem links Im f(0) to the total cross section and thereby constrains absorptive
(imaginary) potentials once inelastic channels open.

47

Otot — ? Im f(9 = 0) (135)

Optical potentials used in Lecture 21 reactions are the many-body descendants of this idea: a

complex mean field that reproduces elastic scattering while accounting for absorption into other

channels. Uncertainty quantification of those potentials is now part of extracting spectroscopic

factors. Partial-wave analyses of NN scattering remain the calibration point for the chiral forces

of Lecture 11 and for the few-body calculations that start from the deuteron (Lectures 7-9).

Coulomb versus nuclear phases

In charged-particle scattering, Coulomb phases multiply nuclear partial wave amplitudes. Ex-
tracting nuclear phase shifts therefore requires a careful Coulomb subtraction, especially at low
energy and high Z. Neutron scattering avoids that complication and historically fixed much of

the low-energy NN database.

Optical potential uncertainties

When an optical potential is fitted to elastic angular distributions, imaginary depths are
constrained by absorption, real depths by refractive patterns and rainbows. Propagating the fit
covariance into a transfer calculation is now expected practice. A spectroscopic factor quoted to

three digits without an optical-model error bar is incomplete.

Worked unitarity and effective-range numbers

At By, = 1keV for np, k is tiny and o ~ 47wa® with a of several femtometres yields tens of barns:
huge compared with 7R? for a nucleus. That enhancement is threshold physics, not a failure of
geometry. Adding the effective-range term —%rekQ in kcot dy curves the cross section upward in
energy; fitting both a and 7. is the minimal data-driven model before introducing a potential
shape.

For charged projectiles, replace the discussion with Coulomb-modified scattering lengths.
The important conceptual transfer to Lecture 21 is that reaction theory inherits these low-energy

constants when it uses NN potentials or optical models constrained by elastic data. Always ask

12
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which elastic database and which energy range constrained the interaction behind a published
transfer calculation.

Scattering theory supplies the boundary conditions of nuclear reactions. Partial waves,
scattering lengths, and optical potentials are not a side topic; they are the entrance channel to
Lectures 21-22.

In practice, rework one numerical estimate from the lecture with a different parameter set and
compare the shift to the quoted experimental uncertainty. If the shift exceeds the uncertainty,
the estimate is teaching a scale, not delivering a fit. That distinction keeps theoretical cartoons
honest when they sit beside evaluated data tables and modern many-body calculations. Along
the course arc, write one sentence linking this chapter backward and one forward: the discipline
of those two sentences is as important as any single formula. Examination problems rarely ask

for a literature review, but they do ask for the scale argument that literature reviews presuppose.

Synthesis problem

Write a half-page note that (i) restates the chapter’s central scale or selection rule in one equation,
(ii) evaluates it numerically for one concrete nucleus or energy, and (iii) names the neighbouring
lecture that uses the result. Keep the note free of research-frontier speculation; the goal is
fluency with the lecture physics itself. If an assumption fails (Born approximation, spherical
mean field, allowed transition, one-dimensional barrier), state the failure mode in a final sentence.
That habit converts passive reading into examination-ready understanding and makes the later

research-frontier box read as an extension rather than a replacement.

Research frontier: scattering with uncertainty quantification and student projects

Partial-wave analysis and optical potentials of Lecture 10 are being rebuilt with quantified
uncertainties. Bayesian fits of nucleon—nucleon phase shifts, optical-model parameters
with posterior predictive distributions, and EFT-based interactions embedded in reaction
frameworks replace older point estimates that quoted only best-fit x? [42, 41]. Rare-
isotope beams demand reaction theories that treat breakup, continuum coupling, and
target excitation on equal footing with structure, because spectroscopic factors extracted
without those couplings can be misleading [51]. R-matrix methods remain central for
resonance analyses in light systems, but modern implementations emphasise consistent
channel truncations and covariance of resonance parameters. Uncertainties that still limit
many applications include the imaginary (absorptive) part of optical potentials for exotic
projectiles and the propagation of interaction uncertainties into transfer and knockout cross
sections.

For radioactive beams, the optical potential is often underconstrained because elastic data
are sparse. Uncertainty quantification then becomes part of the structure extraction: a
spectroscopic factor quoted without an optical-model error bar is incomplete. Learning to
read covariance bands on angular distributions is therefore a modern experimental-theory
skill.

Reporting a spectroscopic factor together with an optical-model error band is now expected

practice in rare-isotope reaction papers.

13
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That habit of quoting covariances alongside central values is the main cultural shift relative
to older optical-model papers.

Student directions. (1) Data exercise: from a published S-wave phase shift, reconstruct the
scattering length and effective range. (2) Scale estimate: compute the geometric o = 7 R?
scale for A = 12 and A = 208 and compare with measured reaction cross sections at one
energy. (3) Methods outline: explain how an optical-model imaginary depth is constrained

by elastic angular distributions.

1.12 Problems with solutions

Problem 10.1 — Cross section dimensions

From dN = otdQ I Ny, show that ¢ has dimensions of area.

Solution 10.1

dN is dimensionless (a count). tI has dimensions of (time)x (area™! time™!)=area™!; N,

is a number; d? is dimensionless. Hence o must supply an area so that the product is

dimensionless.

Problem 10.2 — Low-energy total cross section

At low energy only g is nonzero. Show that oyo; = 47k~ 2sin? dg. If 69 = 7/2, what is oot ?

Solution 10.2

From f = (¢ sindg)/k one has do/dQ = |f|> = sin? §y/k?, isotropic in the CM frame.

Integrate:

Otot — T dQ = ﬁ sSin 50.

At resonance-like 6y = /2, otot = 47/k? (unitarity limit for s-wave) [6].

Problem 10.3 — Why only s-wave at 1 MeV

Estimate lyax ~ pro/h for E = 1MeV (lab-scale NN), ro = 2fm, he = 200 MeV fm,
pc? =~ 500 MeV. Argue that £ = 0 dominates.

2 % 2
pe = /202 E ~ V1000 MeVE ~ 32 Mey, PTo — (P70 32X 2 0

h he 200

Values ¢ > 1 require order-1 or larger; only ¢ = 0 fits inside the nuclear range at this energy

[6]-
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Problem 10.4 — Square-well matching and threshold

For the s-wave square well, match uy, = Asin(kir) to uewt = Csin(kr + dg) at R. Derive
kcot(kR + dp) = ki cot(k1R), obtain the zero-energy scattering length, and identify the
first bound-state threshold.

Solution 10.4

Continuity of v and v/, followed by division, gives
k1 cot(k1 R) = k cot(kR + do).

As k — 0, the exterior zero-energy form is proportional to r — a. Matching its logarithmic
derivative to the interior one, with K = \/2uVy/h, yields

The first divergence occurs at K R = /2, or VoR? = 72h2/(811), exactly the first bound-state
threshold.

Problem 10.5 — Unitarity and optical theorem

Starting with S, = €2, show that f, = (S; — 1)/(2ik) = €¢sindy/k. Then derive the

optical theorem from the partial-wave expansion.

Solution 10.5

The identity €2 — 1 = 2ie sin § gives the stated amplitude and ensures the correct factor
of four in o, = 47 (20 + 1) sin? §,/k?. At zero angle,

Im £(0) = % > (26 + 1) sin® 4.
l

Multiplication by 47 /k reproduces the summed total cross section:

4

Otot = 2 Im £(0).

Problem 10.6 — Effective-range pole check

Insert £ = ik into "

- —1/a+ %T0k2 — ik

fo(k)

and derive the shallow-bound-state pole condition. Explain the signs of the triplet and

singlet scattering lengths.

15
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Solution 10.6

At k = ik, the denominator vanishes when

1 2 2
—_— == =0 —=K—-= .
a 27"0,% + K , a K 21"0/<c
Thus a shallow physical bound state has a > 0 at leading order, matching the triplet
deuteron channel. A virtual-state pole on the negative imaginary axis gives a large negative

a, matching the unbound singlet channel.
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