
Chapter 1

Deuteron Spin and Magnetic
Moment

1.1 Nuclear spin and parity: careful definitions

The binding energy of the deuteron fixes the radial scale of a central NN well, under the
assumption that the relative orbital angular momentum is ℓ = 0. That assumption must now be
tested with every other measured property of the ground state: the total angular momentum
(nuclear spin), the parity, and the magnetic dipole moment [6, 2].

1.1.1 What “nuclear spin” means

Each nucleon carries orbital angular momentum ℓ and intrinsic spin s = 1
2ℏ (in units where we

often set ℏ = 1 for quantum numbers). Their sum is

j = ℓ + s. (1.1)

In a nucleus the total angular momentum is the vector sum of all nucleon contributions. Nuclear
physicists call this total I and name it the nuclear spin, even though it includes orbital motion
as well as spin. The usual quantum rules apply:

I2 → I(I + 1)ℏ2, Iz → MIℏ, MI = −I, . . . ,+I. (1.2)

When two angular momenta j1 and j2 are coupled, the allowed total values follow the triangle
rule

J = |j1 − j2|, |j1 − j2| + 1, . . . , j1 + j2. (1.3)

This rule will be applied twice: first S = sp + sn, then I = L + S.

1.1.2 Parity

Parity is the behaviour of the spatial wave function under r → −r. If ψ(−r) = +ψ(r) the
parity is even (π = +); if ψ(−r) = −ψ(r) it is odd (π = −). A central-potential wave function
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separates as
ψℓm(r) = Rℓ(r)Yℓm(θ, ϕ). (1.4)

Inversion leaves r = |r| unchanged but sends (θ, ϕ) → (π − θ, ϕ+ π). Spherical harmonics obey

Yℓm(π − θ, ϕ+ π) = (−1)ℓYℓm(θ, ϕ). (1.5)

Therefore
ψℓm(−r) = (−1)ℓψℓm(r), π = (−1)ℓ. (1.6)

Even ℓ gives even parity; odd ℓ gives odd parity.

Figure 1.1: Inversion r ↔ −r. Nuclear states have definite parity when the Hamiltonian conserves
parity.

1.1.3 Experimental assignment for the deuteron

Experiment gives
Iπ(2H) = 1+. (1.7)

That single label will eliminate most of the angular-momentum possibilities we might have
imagined.

1.2 Coupling two spins: four ways to make I = 1

The deuteron total angular momentum is

I = sp + sn + L, (1.8)

where L is the relative orbital angular momentum. Each nucleon has s = 1
2 , so the total spin

S = sp + sn obeys
S =

∣∣∣1
2 − 1

2

∣∣∣ , . . . , 1
2 + 1

2 = 0, 1. (1.9)
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For fixed S and L, the second application of Equation (1.3) gives

|L− S| ≤ I ≤ L+ S. (1.10)

We require I = 1:

• If S = 0, then I = L, so only L = 1 works.

• If S = 1, then |L− 1| ≤ 1 ≤ L+ 1, which permits L = 0, 1, 2.

Thus there are exactly four couplings [6]:

(a) spins parallel (S = 1) with L = 0;

(b) spins antiparallel (S = 0) with L = 1;

(c) spins parallel (S = 1) with L = 1;

(d) spins parallel (S = 1) with L = 2.

Parity decides among them. The deuteron has even parity, and orbital parity is (−1)L.
Therefore L must be even: L = 1 is ruled out. Cases (b) and (c) drop. We are left with

3S1 (L = 0, S = 1) and 3D1 (L = 2, S = 1). (1.11)

The bound state is 100% spin triplet. There is no bound singlet pn state.
The notation 2S+1LI now follows directly. The superscript is the spin multiplicity 2S+ 1, the

letter denotes L = 0, 1, 2, . . . → S, P,D, . . ., and the subscript is the total angular momentum I.
Hence the two even-parity possibilities are 3S1 and 3D1.

For later expectation values, the stretched states also fix the Clebsch–Gordan convention
explicitly:

|3S1; 1, 1⟩ = |L=0,mL=0⟩|S=1,mS=1⟩, (1.12)

|3D1; 1, 1⟩ =
√

1
10 |2, 0⟩|1, 1⟩ −

√
3
10 |2, 1⟩|1, 0⟩ +

√
3
5 |2, 2⟩|1,−1⟩. (1.13)

The squared coefficients sum to one. They give ⟨Lz⟩ = 3ℏ/2 and ⟨Sz⟩ = −ℏ/2, in agreement
with the projection theorem below.
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Iπ = 1+ : 3S1 dominant + small 3D1

Figure 1.2: Schematic spins and orbital angular momentum in the NN system. The deuteron ground
state is dominated by parallel spins and L = 0, with a small L = 2 admixture.
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Key idea

Spin dependence of the nuclear force. Nature binds the triplet channel and not
the singlet. The NN force depends on the relative orientation of the nucleon spins. A
spin-independent central well would not explain that fact.

1.2.1 Triplet and singlet spin states

Start with the unique highest-projection product state,

|1, 1⟩ = |↑↑⟩. (1.14)

Apply the total lowering operator S− = sp− + sn−. Since S−|1, 1⟩ = ℏ
√

2 |1, 0⟩,

S−|↑↑⟩ = ℏ|↓↑⟩ + ℏ|↑↓⟩, (1.15)

∴ |1, 0⟩ = 1√
2

(|↑↓⟩ + |↓↑⟩) . (1.16)

A second lowering gives |1,−1⟩ = |↓↓⟩. The three triplet states (S = 1) are therefore

|1, 1⟩ = |↑↑⟩, |1, 0⟩ = 1√
2
(
|↑↓⟩ + |↓↑⟩

)
, |1,−1⟩ = |↓↓⟩. (1.17)

The remaining normalized MS = 0 combination must be orthogonal to |1, 0⟩; it is the singlet

|0, 0⟩ = 1√
2
(
|↑↓⟩ − |↓↑⟩

)
. (1.18)

A useful operator that distinguishes them is sp · sn. Square S = sp + sn:

S 2 = s 2
p + s 2

n + 2sp · sn, (1.19)

∴ sp · sn = 1
2

(
S 2 − s 2

p − s 2
n

)
. (1.20)

Because sp = sn = 1
2 , s 2

p = s 2
n = 3

4ℏ
2. Thus

⟨sp · sn⟩ = ℏ2

2

[
S(S + 1) − 3

4 − 3
4

]
=


+ℏ2

4 , S = 1,

−3ℏ2

4 , S = 0.
(1.21)

A potential containing σp ·σn can therefore deepen the triplet well relative to the singlet. That is
why the square-well depth of Lecture 7 applies to the triplet channel; the singlet well is shallower
and does not bind.

Caution

The singlet value is not zero. It is negative (−3ℏ2/4). Saying the singlet product “vanishes”
is a common slip; the correct eigenvalues matter when one writes Vσ(r).
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1.3 Magnetic moments: from classical orbits to g-factors

1.3.1 Nuclear magneton

Consider a charge e moving with speed v in a circular orbit of radius r. Its period, current, and
loop area are

T = 2πr
v
, I = e

T
= ev

2πr , A = πr2. (1.22)

The magnetic dipole moment is current times area,

µ = IA = evr

2 . (1.23)

Since the orbital angular momentum is L = mvr, this becomes

µℓ = e

2mL. (1.24)

For a proton, set m = mp and factor out one quantum ℏ. This defines the nuclear magneton

µN = eℏ
2mp

≈ 3.15245 × 10−8 eV/T. (1.25)

The displayed decimal is a rounded recommended-constant value; CODATA updates should be
used when metrological precision matters. The lecture retains only the digits needed for the
percent-level structure argument. It is smaller than the Bohr magneton by me/mp ≈ 1/1836.
Ordinary magnetism of matter is electronic; nuclear magnetism is a delicate probe [6].

r @
@I I

6µ,L

r

µ = Iπr2 = eL/(2m)

Figure 1.3: Classical orbital current: charge on a loop produces µ ∝ qL/(2m). Neutrons have q = 0
and no orbital moment from net charge.

1.3.2 Orbital and spin contributions

We write
µℓ = gℓ µN

ℓz
ℏ
, µs = gs µN

sz

ℏ
. (1.26)

For proton orbital motion gℓ = 1; for the neutron gℓ = 0. For free nucleon spins, measured
magnetic moments, expressed in the CODATA-defined nuclear-magneton unit, give anomalous
g-factors far from the Dirac value gs = 2. Rounded for this calculation,

gp = 5.5857, (1.27)

gn = −3.8261. (1.28)
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These are experimental nucleon properties, not predictions of CODATA; CODATA supplies the
consistent constants and unit conversion. Equivalently, µp = +2.7928µN and µn = −1.9130µN .
The neutron’s nonzero moment and the proton’s large gp are early evidence that nucleons are
composite (meson clouds; today, quarks) [6, 2].

1.4 Deuteron magnetic moment: pure S-wave calculation

If the orbital angular momentum vanishes, there is no orbital magnetic moment: only the
intrinsic spins of the proton and neutron contribute. With Iπ = 1+ and a pure 3S1 configuration,
the stretched state MI = 1 has both spins aligned (sz = +ℏ/2). The deuteron moment is then
simply the sum of the free-nucleon moments [6],

µd(L=0) = µp + µn = gp + gn

2 µN = 5.5857 − 3.8261
2 µN = 0.8798µN . (1.29)

Experiment finds
µ

(exp)
d = 0.8574376(4)µN , (1.30)

about 0.022µN (∼ 2.5%) below the pure S-wave value. The agreement is already striking: most
of µd is indeed µp + µn. The residual deficit, however, is a genuine structural effect. Meson-
exchange currents and relativistic corrections can shift the moment, but within the nonrelativistic
NN picture the natural explanation is a small admixture of L = 2 in the ground-state wave
function [6].

Key idea

Physics of the discrepancy. A pure s-wave deuteron would have µd = µp + µn. The
measured moment is slightly smaller, signalling a few-percent D-wave component and, with
it, a non-central piece of the force.

1.5 D-wave admixture from µd

Write the ground state as a coherent mixture of even orbital waves allowed by Iπ = 1+,

|ψ⟩ = aS |L=0⟩ + aD |L=2⟩, |aS |2 + |aD|2 = 1. (1.31)

1.5.1 Expectation value of the magnetic-moment operator

The numerical D-state moment should not simply be quoted; it follows from an angular-
momentum expectation value. In the centre-of-mass frame, and neglecting exchange currents,
the z-component of the two-nucleon magnetic-moment operator is

µ̂z

µN
= 1

2
L̂z

ℏ
+ gp

ŝpz

ℏ
+ gn

ŝnz

ℏ
. (1.32)

Only the proton contributes an orbital magnetic moment. Here L = r × p always denotes the
relative orbital angular momentum, not either particle’s orbital momentum about an arbitrary
laboratory origin. Its relation to the centre-of-mass orbital momenta can be obtained explicitly.
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Let M = mp + mn, r = rp − rn, and let p be the relative momentum in the centre-of-mass
frame. Then

rp = mn

M
r, pp = p, (1.33)

so
Lp = rp × pp = mn

M
r × p = mn

M
L ≃ 1

2L. (1.34)

Similarly Ln = (mp/M)L, but the neutron has zero one-body orbital charge factor. Thus the
exact coefficient of Lz is mn/M , approximated by 1/2 in Equation (1.32). This states the CM
orbital convention completely. Within the spin-triplet state the proton and neutron share the
total spin symmetrically. Equivalently, the antisymmetric operator sp − sn has zero diagonal
matrix element between symmetric triplet spin states, and therefore

⟨spz⟩ = ⟨snz⟩ = 1
2⟨Sz⟩. (1.35)

The projection theorem itself follows in two steps. First, J = L + S implies

L · J = L · (L + S) = L 2 + L · S, (1.36)

J 2 = L 2 + S 2 + 2L · S. (1.37)

Eliminating L · S gives
L · J = 1

2
(
J 2 + L 2 − S 2

)
. (1.38)

In a state |LSJM⟩, rotational symmetry says that the expectation value of L can point only
along J . Its z-projection is consequently

⟨Lz⟩ = ⟨L · J⟩
J(J + 1)ℏ2 ⟨Jz⟩. (1.39)

Using ⟨Jz⟩ = Mℏ and the eigenvalues of the squared angular momenta in Equation (1.38) gives

⟨Lz⟩ = Mℏ
J(J + 1) + L(L+ 1) − S(S + 1)

2J(J + 1) , (1.40)

⟨Sz⟩ = Mℏ
J(J + 1) + S(S + 1) − L(L+ 1)

2J(J + 1) . (1.41)

The second line can be obtained either by interchanging L and S or from ⟨Sz⟩ = Mℏ − ⟨Lz⟩.
The observable deuteron moment is evaluated in the stretched state J = M = 1.

For 3S1, L = 0 and S = 1, so

⟨Lz⟩
ℏ

= 1 1(1 + 1) + 0(0 + 1) − 1(1 + 1)
2(1)(1 + 1) = 2 + 0 − 2

4 = 0, (1.42)

⟨Sz⟩
ℏ

= 1 1(1 + 1) + 1(1 + 1) − 0(0 + 1)
2(1)(1 + 1) = 2 + 2 − 0

4 = 1. (1.43)
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Equation (1.32) therefore reproduces

µ(3S1) =
[1

2(0) + gp + gn

2 (1)
]
µN

= gp + gn

2 µN = µp + µn = 0.8798µN . (1.44)

For 3D1, L = 2, S = 1, and J = M = 1. Equations (1.40)–(1.41) give, step by step,

⟨Lz⟩
ℏ

= 1 1(1 + 1) + 2(2 + 1) − 1(1 + 1)
2(1)(1 + 1) = 2 + 6 − 2

4 = 3
2 , (1.45)

⟨Sz⟩
ℏ

= 1 1(1 + 1) + 1(1 + 1) − 2(2 + 1)
2(1)(1 + 1) = 2 + 2 − 6

4 = −1
2 . (1.46)

The orbital and spin angular momenta are therefore partly antiparallel in the D state. Substitu-
tion into (1.32) yields

µ(3D1) =
[1

2

(3
2

)
+ gp + gn

2

(
−1

2

)]
µN

= 1
4(3 − gp − gn)µN ≈ 0.310µN . (1.47)

This is the expectation-value derivation of the smaller pure-D magnetic moment [6, 2].
In the one-body operator approximation, ⟨3S1|µ̂z|3D1⟩ = 0: the angular functions with L = 0

and L = 2 are orthogonal, and the operator in (1.32) does not change L. The mixed-state
expectation value can be expanded before the cross terms are discarded:

⟨ψ|µ̂z|ψ⟩ = |aS |2⟨3S1|µ̂z|3S1⟩ + |aD|2⟨3D1|µ̂z|3D1⟩

+ a∗
SaD⟨3S1|µ̂z|3D1⟩ + a∗

DaS⟨3D1|µ̂z|3S1⟩

= PSµS + PDµD. (1.48)

Therefore
µd = PS (0.880µN ) + PD (0.310µN ), PS + PD = 1. (1.49)

To obtain the commonly used form, substitute PS = 1 − PD and µD = 1
4(3 − gp − gn)µN :

µd = (1 − PD)(µp + µn) + PD
3 − gp − gn

4 µN

= (µp + µn) + PD

[3
4µN − 3

2(µp + µn)
]

= (µp + µn) − 3
2

[
µp + µn − 1

2µN

]
PD. (1.50)
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Finally, requiring µd = 0.8574µN and retaining the displayed rounded moments gives

0.8574 = 0.8798(1 − PD) + 0.310PD

= 0.8798 − (0.8798 − 0.310)PD, (1.51)

(0.8798 − 0.310)PD = 0.8798 − 0.8574,

PD = 0.8798 − 0.8574
0.8798 − 0.310 = 0.0393 ≈ 0.039, PS = 1 − PD ≈ 0.961. (1.52)

This classroom estimate suggests a few-percent D-wave. It is not a model-independent measure-
ment of PD: meson-exchange currents and relativistic corrections also shift µd. Independent
NN scattering analyses still find a few-percent D-state probability, so the qualitative conclusion
is robust: the force cannot be purely central. Only a tensor interaction can mix L = 0 with
L = 2 in a single eigenstate. The electric quadrupole moment Qd ̸= 0 (Lecture 9) establishes
that mixing far more cleanly than the magnetic-moment deficit alone [6].

Caution

Do not promote PD ≈ 4% to an observable. Treat it as a pedagogical estimate that motivates
looking for a tensor force; the decisive geometric evidence is the nonzero quadrupole moment.

Key idea

What Lectures 7–9 establish together. Weak binding fixes the depth and range of the
residual force. Spin and parity fix the channel as mostly 3S1. The magnetic-moment deficit
suggests a small D-wave; the quadrupole moment requires one, and with it a tensor force.

1.6 Preview of heavier nuclei

In odd-A nuclei, pairing often cancels the moments of all but the last unpaired nucleon. Plotting µ
versus I produces the Schmidt lines. Real nuclei fall between those lines because of configuration
mixing, the many-body cousin of the deuteron’s D-wave. The deuteron is the cleanest few-body
example of the same idea: free moments first, then a small admixture [6, 1].

Takeaway

Takeaways (Lecture 8).

• Iπ = 1+: even parity forces even L; the bound state is spin triplet.

• Spin-dependent force: triplet binds, singlet does not.

• Pure S-wave µd = 0.880µN ; experiment 0.857µN .

• Mixture ∼ 96% S + ∼ 4% D is a classroom estimate of the magnetic deficit; quadrupole
data (next lecture) establish the D-wave and the tensor force.
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1.7 Deeper physics: magnetic moments beyond the deuteron

1.7.1 How µ is measured (Rabi and NMR)

Place a state of angular momentum I in a uniform field B = Bẑ. With µ̂z = gIµN Îz/ℏ, the
Zeeman Hamiltonian is

ĤZ = −µ̂ · B = −gIµNB
Îz

ℏ
. (1.53)

Because Îz|I,MI⟩ = MIℏ|I,MI⟩,

EMI
= −gIµNBMI . (1.54)

Adjacent substates therefore differ by

|∆E| = gIµNB = hν. (1.55)

The Rabi molecular-beam method and nuclear magnetic resonance detect the frequency ν at
which a radiofrequency field drives ∆MI = ±1 transitions. Since B is known, the resonance
gives gI , and the stretched-state moment is µ = gIIµN . Free-nucleon moments µp = +2.7928µN

and µn = −1.9130µN are among the most accurately known quantities in nuclear physics [2, 1].

1.7.2 Schmidt lines (preview of the shell model)

For odd-A nuclei the magnetic moment is often dominated by the last unpaired nucleon. Plotting
µ versus I produces the Schmidt lines: two limiting curves for j = ℓ ± 1

2 . Real nuclei fall
between the lines because of configuration mixing and meson-exchange currents. The deuteron
is the few-body cousin of that story: free µp + µn is the extreme independent-particle limit; a
few-percent D-wave admixture is the simplest configuration mixing [6, 1]. The two Schmidt
formulae are derived, rather than merely quoted, in Section 1.9.2.

1.7.3 Isospin language

Proton and neutron form an isospin doublet t = 1
2 . The deuteron has total isospin T = 0, and

this assignment follows from exchange symmetry. For two nucleons, the spatial, spin, and isospin
factors acquire under exchange the signs

(−1)L, (−1)S+1, (−1)T +1, (1.56)

respectively. Their product must be −1 for fermions, so

(−1)L+S+T = −1. (1.57)

The deuteron has even L and S = 1. Hence L+ S + T is odd only when T = 0. Explicitly, its
isospin wave function is the antisymmetric combination

|T = 0, Tz = 0⟩ = 1√
2

(|pn⟩ − |np⟩) . (1.58)
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The T = 1, S = 0 pn partner of the virtual 1S0 state is unbound, as are free nn and pp (after
Coulomb). Charge independence of the strong force organises NN scattering lengths into a
nearly universal pattern once Coulomb is removed. Lecture 10 develops this NN spin–isospin
structure through phase shifts [4].

Remark

Quarks and anomalous moments. Dirac particles with charge e and mass m have g = 2.
The proton’s gp ≈ 5.59 and the neutron’s nonzero moment are direct evidence of composite
structure (charged quark currents and meson clouds), already anticipated in Lecture 7’s
residual-force discussion [2, 4].

1.7.4 Beyond the one-body magnetic operator

For the one-body operator derived in Section 1.5.1, the S–D cross term vanishes: L̂z, ŝpz, and
ŝnz do not change L, and the L = 0 and L = 2 angular functions are orthogonal. This gives the
probability-weighted expectation value in Equation (1.50).

A precision calculation must add two-body meson-exchange currents, relativistic corrections,
and small nucleon-structure effects. Those contributions alter the magnetic moment without
being equivalent to a change in PD. Modern potentials still find a few-percent D-state probability,
so the classroom estimate is useful, but PD itself is model dependent [6].

1.8 Magnetic moment deficit and D-wave probability

1.8.1 From free sum to measured µd

The independent-particle estimate µS ≈ µp + µn = 0.8798µN overshoots experiment (µd =
0.8574µN ) by about 2.5%. The lecture attributes the deficit to a small 3D1 admixture: orbital
motion of the proton in L = 2 contributes g(p)

ℓ µN ⟨Lz⟩, while the S–D interference shifts the spin
projections. Keeping only the dominant S-wave spin term plus a D-wave orbital correction with
probability PD gives the schematic balance

µd ≈ (1 − PD)(µp + µn) + PD g
(p)
ℓ ⟨Lz⟩D, (1.59)

where ⟨Lz⟩D is fixed by angular-momentum algebra in the stretched state MI = 1.

1.8.2 A worked PD estimate

Using g(p)
ℓ = 1 and typical shell-model couplings for L = 2, S = 1, J = 1, a few-percent D-wave

probability suffices:
PD ∼ µp + µn − µd

(µp + µn) − g
(p)
ℓ ⟨Lz⟩D

≈ 0.04–0.06. (1.60)

Inserting PD = 0.05 into (1.59) lowers µd by ∼ 0.02µN , matching the observed deficit. The
same PD feeds the quadrupole moment (Lecture 9): µd and Qd are correlated constraints on the
tensor force, not independent knobs.
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Key idea

Schmidt preview. Odd-A nuclei use the same logic at higher A: plot µ/µN versus I and
compare with the Schmidt lines for j = ℓ± 1

2 (Section 1.9.2). The deuteron is the two-body
limit where only one pair of nucleons contributes and configuration mixing is a few-percent
D-wave rather than valence-shell fragmentation.

Remark

What PD is not. Meson-exchange currents and relativistic corrections also shift µd at
the percent level. Treating the entire deficit as orbital D-wave probability is a classroom
estimate, not a unique inversion of data. Modern potentials quote PD with model-dependent
spread; the qualitative lesson (tensor force required) is robust [6, 2].

1.8.3 Isospin and the magnetic moment sum rule

In the T = 0 deuteron, the isospin wave function is antisymmetric under nucleon exchange
(Section 1.7.3). The magnetic operator is isovector, so the T = 0 expectation value is not
constrained to equal µp + µn unless the spatial wave function is purely S-wave. The measured
µd < µp + µn is therefore a joint statement about isospin symmetry and tensor-induced D-wave
admixture. For comparison, the unbound T = 1, S = 0 virtual state has no stable magnetic
moment, but its scattering length as ≈ −23.7 fm (Lecture 10) shows how close the singlet channel
comes to binding despite µp + µn being irrelevant there.

1.8.4 Schmidt lines at A = 2 and A = 15

At A = 2 the “valence nucleon” picture is replaced by two active bodies, yet the logic survives:
start from free moments, then reduce by orbital mixing. At A = 15, 15N (I = 1

2
−) and 15O

(I = 1
2

−) provide mirror tests of Schmidt limits once the hole/particle sign is tracked. Lecture 14
plots the full Schmidt curves; the deuteron is the anchor point showing that even the simplest
bound nucleus requires configuration mixing beyond free g-factors [1, 22].

Impulse versus consistent currents

State in one sentence the impulse approximation for µd and in a second sentence what “consistent
two-body currents” means. That pair of sentences is the conceptual payload of Lecture 8 beyond
the existence of a D-wave.

1.9 Further physics: magnetic moments and the nuclear magne-
ton

To each angular momentum is associated a magnetic dipole

µ = g µN
j

ℏ
, µN = eℏ

2mp
. (1.61)
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For orbital motion of a proton, gℓ = 1; for a neutron, gℓ = 0. Spin g-factors of free nucleons are
anomalous (gp ≈ 5.59, gn ≈ −3.83), a signal of internal structure [13, 6, 2, 5].

In odd-A nuclei a first approximation attributes µ to the last unpaired nucleon (Schmidt
estimate). The deuteron is the clean two-body limit of the same idea: free moments first, then a
small configuration admixture (D-wave) to match experiment. Exact g-factors of complex nuclei
require interactions among many nucleons; the deuteron isolates the few-body physics.

1.9.1 Spin dependence from the deuteron alone

From Iπ = 1+ and µd ≈ µp +µn one concludes that the ground state is mostly 3S1. The absence
of a bound 1S0 pn state shows that the force is spin-dependent: both channels are attractive,
but only the triplet is deep enough to bind [14, 6]. The small quadrupole moment and the µd

deficit then require a few-percent 3D1 admixture (tensor force; Lecture 9).

1.9.2 Schmidt lines for odd-A nuclei

For a single valence nucleon with orbital angular momentum ℓ and spin s = 1
2 , the one-body

magnetic operator is
µ̂z

µN
= gℓ

ℓ̂z
ℏ

+ gs
ŝz

ℏ
. (1.62)

The measured moment is the expectation value in the stretched state |j,m = j⟩. Since jz = ℓz+sz,
it is useful to write

µ

µN
= gℓj + (gs − gℓ)

⟨sz⟩
ℏ
. (1.63)

The projection theorem derived in Section 1.5.1, with L → ℓ, S → s, and M = j, gives

⟨sz⟩
ℏ

= j
j(j + 1) + s(s+ 1) − ℓ(ℓ+ 1)

2j(j + 1) . (1.64)

For aligned spin, j = ℓ+ 1
2 , so ℓ = j − 1

2 and s(s+ 1) = 3
4 . Substitution into Equation (1.64)

gives

⟨sz⟩
ℏ

=
j(j + 1) + 3

4 − (j − 1
2)(j + 1

2)
2(j + 1)

=
j2 + j + 3

4 − (j2 − 1
4)

2(j + 1) = j + 1
2(j + 1) = 1

2 . (1.65)

Equation (1.63) then yields the upper Schmidt line,

µ

µN
= gℓj + 1

2(gs − gℓ), j = ℓ+ 1
2 . (1.66)

Equivalently, µ/µN = gℓℓ + gs/2: in the stretched state the orbital and spin projections are
simply ℓ and 1/2.
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For anti-aligned spin, j = ℓ− 1
2 , so ℓ = j + 1

2 . Now

⟨sz⟩
ℏ

=
j(j + 1) + 3

4 − (j + 1
2)(j + 3

2)
2(j + 1)

=
j2 + j + 3

4 − (j2 + 2j + 3
4)

2(j + 1) = − j

2(j + 1) . (1.67)

The lower Schmidt line is therefore

µ

µN
= gℓj − (gs − gℓ)

j

2(j + 1) , j = ℓ− 1
2 . (1.68)

For an unpaired proton one inserts gℓ = 1 and gs = gp; for an unpaired neutron, gℓ = 0 and
gs = gn. These are independent particle limits, not exact predictions. Experimental moments of
odd-A nuclei generally lie between the Schmidt lines, shifted toward smaller |µ| by configuration
mixing and meson-exchange currents [6, 2, 13]. The deuteron is the few-body prototype of that
programme: start from free g-factors, then correct for orbital admixtures.

1.9.3 Nuclear magneton vs Bohr magneton

Because mp ≈ 1836me,

µN = me

mp
µB

= me

mp

(
eℏ

2me

)
= eℏ

2mp

≈ 1
1836 µB. (1.69)

Nuclear moments are therefore three orders of magnitude smaller than electronic moments, which
is why nuclear magnetism is a precision hyperfine effect in atoms and a separate experimental
industry (NMR, atomic beams, ion traps) [5, 2].

1.9.4 Projection theorem for ⟨sz⟩

The Schmidt derivation (Section 1.9.2) rests on evaluating ⟨sz⟩ in |j,m = j⟩. For coupled
L + S = J , the Wigner–Eckart theorem gives

⟨sz⟩
ℏ

= ⟨J · S⟩
j(j + 1)ℏ2 j = j

j(j + 1) + s(s+ 1) − ℓ(ℓ+ 1)
2j(j + 1) , (1.70)

which is (1.64). For the deuteron (ℓ → L = 0, s → S = 1, j → I = 1), ⟨Sz⟩/ℏ = 0 in the pure
S-wave limit, so µS = µp + µn follows immediately. Only L = 2 admixture generates nonzero
⟨Lz⟩ and S–D cross terms in the full operator of Section 1.5.1.

14



Nuclear and Particle Physics Deuteron Spin and Magnetic Moment

1.9.5 Worked Schmidt comparison for 15N
15N (Z = 7, one proton hole on 16O) has I = 1

2 from the 1p1/2 orbit (ℓ = 1, j = 1
2). The lower

Schmidt line with gℓ = 1, gs = gp gives

µ

µN
= 1

2 + 1
2(gp − 1)1/2

3/2 = 1
2 + 1

6(gp − 1) ≈ 0.44, (1.71)

so µSchmidt ≈ 2.2µN . Experiment gives µ = −0.283µN : the hole sign and core polarisation
reverse and reduce the moment, showing that Schmidt lines are bounds, not predictions, even
near closed shells [6, 22]. The deuteron sits closer to the independent-particle limit because only
two nucleons participate.

1.9.6 Link to Lecture 9 and 14

The same D-wave probability that lowers µd generates Qd (Lecture 9) through (??). Lecture 14
generalises the Schmidt plot to all odd-A nuclei and introduces quenching of gs. The deuteron
is the minimal laboratory for all three ideas: anomalous free-nucleon g-factors, configuration
mixing, and tensor-force induced orbital admixture [2].

1.9.7 Rabi resonance in the lab frame

In NMR one typically applies a transverse radiofrequency field B1 cosωt near the Larmor
frequency ω0 = gµNB/ℏ. The Rabi condition ℏω = gµNB is the same physics as the molecular-
beam ∆M = ±1 resonance, but in a condensed sample the signal is detected as a voltage induced
in a pickup coil. For the deuteron, the small D-wave correction shifts ω0 by parts per thousand
relative to µp + µn, comparable to the shift used to infer PD in precision beam experiments
[2, 22].

1.9.8 Hyperfine structure in atomic deuterium

Replacing the proton in hydrogen by a deuteron changes the hyperfine splitting because µd ≠ µp.
The 1S hyperfine interval scales as µdId · ⟨I · J⟩ for the electron coupling. The percent-level
difference between µd and µp + µn is therefore visible in atomic spectroscopy, independent of
nuclear scattering experiments. Atomic and molecular data provide a third route to the same
D-wave physics constrained by µd and Qd (Lecture 9) [2, 6].

1.10 Deeper reading: µd, exchange currents, and Schmidt intu-
ition

The deuteron magnetic moment lies close to but not exactly at µp + µn. A small D-wave
admixture PD shifts µd by an amount proportional to (µp + µn − 1

2µN ). Fitting µd alone does
not fix PD uniquely once meson-exchange currents are allowed: two-body currents can move
µd at the same order as a change in PD. Modern calculations therefore evaluate the current
operator consistently with the Hamiltonian that generates the wave function.
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Order of magnitude

If a pure S-wave estimate gives µS ≈ 0.880µN and the measured µd ≈ 0.857µN , a few-
percent PD accounts for the difference in the impulse approximation. Exchange currents of
relative size ∼ 1% matter at the same level: that is why Lecture 8’s message is qualitative
structure (Iπ = 1+ requires D-wave) rather than a precision extraction of PD from µd

alone.

Schmidt lines in Lecture 14 reuse the same single-particle magnetic operators; quenching
and two-body currents reappear there in heavier nuclei. The deuteron is the cleanest few-body
laboratory in which those operator issues can be stated without a large valence space.

Relativistic and two-body current bookkeeping

Relativistic corrections to magnetic operators and explicit meson-exchange currents enter at
similar numerical size for µd. Calculations that vary one while freezing the other can appear to
“prefer” a particular PD. The reliable approach is a single Hamiltonian with consistent currents.
That standard, learned on the deuteron, reappears in medium-mass Gamow–Teller quenching
(Lectures 14 and 19).

Spin and isospin structure

The deuteron is isoscalar (T = 0). Its magnetic moment therefore tests isoscalar combinations
of nucleon moments and isoscalar exchange currents. Isovector magnetic properties appear more
strongly in odd-mirror pairs and in N = Z odd–odd nuclei. Keeping isoscalar versus isovector
channels straight prevents mis-applying deuteron lessons to Schmidt deviations in heavy nuclei.

From µd to many-body operators

Write µd = µS(1 − PD) + µDPD with the textbook combinations of nucleon moments. Insert
PD = 0.04 and 0.06 and compare with experiment. The residual can be assigned either to a
adjusted PD or to an exchange-current shift of a few hundredths of a nuclear magneton. Without
an independent constraint (quadrupole moment, form factors, or a consistent current calculation),
that assignment is ambiguous.

This ambiguity is the few-body prototype of operator renormalisation in heavy nuclei.
Lecture 14’s Schmidt deviations and Lecture 19’s Gamow–Teller quenching are the same story at
larger mass: wave functions and operators must be improved together. Keep a short notebook
table: observable, impulse-approximation prediction, size of two-body current correction, and
whether the correction is isoscalar or isovector. The deuteron fills the first row of that table.

Magnetic moments diagnose operators. The deuteron teaches the lesson in a system small
enough to solve; medium-mass nuclei reuse it under the names quenching and effective g-factors.

In practice, rework one numerical estimate from the lecture with a different parameter set and
compare the shift to the quoted experimental uncertainty. If the shift exceeds the uncertainty,
the estimate is teaching a scale, not delivering a fit. That distinction keeps theoretical cartoons
honest when they sit beside evaluated data tables and modern many-body calculations. Along
the course arc, write one sentence linking this chapter backward and one forward: the discipline
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of those two sentences is as important as any single formula. Examination problems rarely ask
for a literature review, but they do ask for the scale argument that literature reviews presuppose.

Research frontier: currents, D-wave, and student projects

Lecture 8 showed that the deuteron magnetic moment µd and the assignment Iπ = 1+

require a few-percent D-wave admixture in the ground state. Contemporary calculations
evaluate two-body meson-exchange currents and relativistic corrections consistently with
the same chiral Hamiltonian used for the wave function, rather than adding ad hoc current
operators after the fact [41]. Related electroweak currents underlie Gamow–Teller quenching
and neutrinoless double-beta matrix elements in heavier nuclei: a landmark ab initio study
showed that consistent two-body currents resolve much of the long-standing GT quenching
puzzle [50]. Precision tables of magnetic moments remain essential benchmarks for both
few-body and shell-model calculations [22]. What remains uncertain is how large residual
quenching is in mid-mass and heavy nuclei once two-body currents and correlations are
both included, and how those lessons translate into 0νββ operator uncertainties.
Polarisation observables and electromagnetic form factors of the deuteron provide additional
constraints on the same D-wave physics. Modern analyses insist that the current operator
and the wave function come from one consistent framework; otherwise apparent agreement
with µd can hide cancelling mistakes. That consistency requirement is the bridge from the
lecture toy model to contemporary few-body papers.
Those consistency checks also matter for polarisation transfer and for deuteron electrodisin-
tegration, where different current recipes can shift extracted PD values.
Student directions. (1) Analytic estimate: recompute µS and µD contributions for a
given PD. (2) Data project: using Stone’s table, plot odd-proton Schmidt deviations for
20 ≤ Z ≤ 40. (3) Short essay: explain why exchange currents matter more for magnetic
moments than for the charge radius.

1.11 Problems with solutions
Problem 8.1 — Pure S-wave magnetic moment

Using gp = 5.5857 and gn = −3.8261, compute the pure 3S1 prediction for µd and the
fractional difference from the experimental value 0.8574µN .

Solution 8.1

µd(L=0) = gp + gn

2 µN = 5.5857 − 3.8261
2 µN = 0.8798µN .

∆µ = 0.8798 − 0.8574 = 0.0224µN ,
∆µ

µd(L=0) ≈ 2.5%.

Most of µd is µp + µn; the small deficit is structural [6].
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Problem 8.2 — D-wave probability from µd

Assume
µd = PS (0.8798µN ) + PD (0.310µN ), PS + PD = 1,

and µd = 0.8574µN . Find PD.

Solution 8.2

0.8574 = 0.8798(1 − PD) + 0.310PD = 0.8798 − 0.5698PD,

PD = 0.8798 − 0.8574
0.5698 ≈ 0.039 ≈ 4%, PS ≈ 96%.

This 4% is a one-body-operator, model-dependent classroom inference, not an observable:
exchange currents, relativistic corrections, and the chosen NN potential shift the extracted
PD. The robust conclusion is only that a few-percent D-wave is natural [6, 14].

Problem 8.3 — Why L = 1 is excluded

List (S,L) combinations that can give I = 1 for pn and show which survive the experimental
parity π = +.

Solution 8.3

Coupling the two spin-1
2 nucleons first gives

S =
∣∣∣1

2 − 1
2

∣∣∣ , . . . , 1
2 + 1

2 = 0, 1.

Angular-momentum addition then requires

|L− S| ≤ I ≤ L+ S.

For S = 0, this reduces to I = L, so I = 1 requires L = 1. For S = 1, requiring I = 1 gives

|L− 1| ≤ 1 ≤ L+ 1,

which is satisfied by L = 0, 1, 2. Thus the four possibilities are

(S,L) = (0, 1), (1, 0), (1, 1), (1, 2).

Parity is π = (−1)L. The measured π = + eliminates both L = 1 cases, leaving (S,L) =
(1, 0) and (1, 2), or 3S1 and 3D1. Both have S = 1, so the bound state is entirely spin triplet
even though it is not entirely S-wave [6].
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Problem 8.4 — Nuclear magneton scale

Compute µN = eℏ/(2mp) in MeV/T using eℏ/(2me) = µB = 5.788 × 10−11 MeV/T and
mp/me = 1836. Why is nuclear magnetism hard to measure compared with electronic
magnetism?

Solution 8.4

µN = me

mp
µB = 5.788 × 10−11

1836 ≈ 3.15 × 10−14 MeV/T.

Nuclear moments are ∼ 2000 times smaller than electronic ones, so they appear only as
tiny hyperfine shifts or require specialised methods (Rabi beams, NMR) [5, 2].

Problem 8.5 — Derive the 3D1 magnetic moment

For a pure 3D1 state, use the projection theorem to calculate ⟨Lz⟩ and ⟨Sz⟩ in the stretched
state J = M = 1. Then evaluate

µ̂z

µN
= 1

2
L̂z

ℏ
+ gp + gn

2
Ŝz

ℏ

and obtain the numerical moment using the g-factors of Problem 8.1.

Solution 8.5

For L = 2, S = 1, and J = M = 1,

⟨Lz⟩
ℏ

= M
J(J + 1) + L(L+ 1) − S(S + 1)

2J(J + 1)

= 2 + 6 − 2
4 = 3

2 ,

⟨Sz⟩
ℏ

= M
J(J + 1) + S(S + 1) − L(L+ 1)

2J(J + 1)

= 2 + 2 − 6
4 = −1

2 .

The magnetic moment is therefore

µ(3D1)
µN

= 1
2

(3
2

)
+ gp + gn

2

(
−1

2

)
= 3

4 − gp + gn

4 = 1
4(3 − gp − gn).

Numerically,

3 − gp − gn = 3 − 5.5857 − (−3.8261)

= 3 − 5.5857 + 3.8261 = 1.2404,

∴ µ(3D1) = 1.2404
4 µN = 0.3101µN .
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[6].

Problem 8.6 — Charge independence and no bound nn

Explain why charge independence of the strong force, together with the Pauli principle, is
consistent with a bound pn (s = 1) deuteron and no bound nn or pp systems.

Solution 8.6

For two nucleons the exchange sign is

(−1)L(−1)S+1(−1)T +1 = (−1)L+S+T ,

and Fermi statistics require this sign to be −1. In an S-wave, L = 0, so S + T must be odd.
The deuteron channel has S = 1, hence T = 0. Its isospin state

1√
2

(|pn⟩ − |np⟩)

has no nn or pp member: two identical nucleons necessarily have T = 1. For nn or pp
with L = 0 and T = 1, antisymmetry therefore forces S = 0. Charge independence relates
that channel to the unbound T = 1, 1S0 pn channel, apart from electromagnetic and small
charge-dependent effects. Thus the bound T = 0, 3S1 channel exists only for pn, while the
allowed nn and pp S-wave channel does not bind [14, 6].

Problem 8.7 — Clebsch–Gordan check of the D state

Using Equation (1.13), verify normalisation and calculate ⟨Lz⟩ and ⟨Sz⟩ directly from the
three product-state probabilities.

Solution 8.7

The probabilities are 1/10, 3/10, and 3/5, whose sum is one. Therefore

⟨Lz⟩
ℏ

= 1
10(0) + 3

10(1) + 3
5(2) = 3

2 ,

and
⟨Sz⟩
ℏ

= 1
10(1) + 3

10(0) + 3
5(−1) = −1

2 .

Their sum is M = 1, as required.
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