Chapter 1
Mass Density and Saturation

“The central nuclear charge density is nearly the same for all nuclei. Nucleons do not

congregate near the center.”

K. S. Krane

1.1 From charge density to mass density

Electron scattering maps the proton (charge) density p,(r). A central empirical fact is that this
density is nearly the same in the interior of all nuclei: nucleons do not pile up at the centre.

Empirically one fits

_ pp(0)
pp(r) = 7 el =B’ (1.1)

with a nearly universal surface diffuseness ¢ = 0.52fm + 0.01fm and a half-density radius
Ro = 1.2fm x AY3 [1, 6].

Electrons do not couple to neutrons. The full nucleon density, often called the mass or matter
density, must be reconstructed from the charge density together with a model of how neutrons
are distributed, or measured with hadronic probes. That matter density, and the near constancy
of its central value, is the subject of this chapter. It is also the microscopic reason the strong
force must be short ranged: if every nucleon attracted every other nucleon, neither the density
nor the binding energy would scale as they do [6].

Here p,(r) denotes the proton number density (nucleons per fm?), not the electromagnetic
charge density e p,. Electron scattering determines p, because the charge density is e p, for
point-like protons (up to small meson-exchange corrections). It is equally important to know
the distribution of all nucleons (neutrons and protons), because nuclear binding, the equation of
state, and the liquid-drop model all refer to the total nucleon number density p(r). (The true
mass density is myp; nuclear physics usually quotes number densities.)

Since neutrons are uncharged, ordinary Coulomb scattering does not observe them. Under a

standard working assumption, however, one can still infer p(r) from p,(r).

1.1.1 The constant N/Z assumption

A nucleus with N neutrons and Z protons has overall ratio N/Z and mass number A = N + Z.

It is usually assumed that the local neutron-to- proton density ratio is the same everywhere
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inside the nucleus:

N
pn(r) _ N (1.2)
pp(r)  Z
The total nucleon density is the sum
p(r) = pn(r) + pp(r). (1.3)

Eliminating p,, between these two equations gives immediately

mm—%m0+§)—%m§. (14)

Definition: nucleon (mass) density from charge density

Under the assumption py,/p, = N/Z everywhere,

o) = 5 oyl

Rescaling the measured proton density by A/Z converts a charge distribution into an

estimate of the total nucleon density.

Equation (1.2) is an approximation, not a theorem. In heavy nuclei (N > Z) a neutron

skin develops: p,(r) extends farther than p,(r). The constant-ratio assumption then fails
in the surface. For the bulk and for light or near-symmetric nuclei it remains a useful first
estimate; for precision neutron-skin physics one needs parity-violating electron scattering

or hadronic probes (cf. Lecture 1).

1.1.2 What the rescaled densities look like

Figure 1.1 recalls the proton densities of 160, 18Sn, and '9TAu. Applying Equation (1.4)

produces the nucleon densities of Figure 1.2. Two features stand out at once.
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Figure 1.1: Proton densities p,(r) for 1°0, 1'¥Sn,  Figure 1.2: Nucleon densities p = (4/Z)p, with
and 197 Au. common central py.

1. The half-density radii and surface widths are essentially the same as in the charge densities:
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rescaling multiplies the vertical axis, not the radial shape.

2. All three nuclei now share virtually the same central nucleon density, py ~ 0.16 — —0.171/ fm3.

Saturation of nuclear matter: the central nucleon density is nearly independent of mass
number [1]. Nuclei are not denser in the middle when they grow larger; they grow by adding
a larger volume at fixed bulk density. Together with B/A & constant, this strongly supports
a saturating, short-range effective interaction. Density systematics alone do not prove a

particular microscopic force: Pauli pressure, short-range repulsion, tensor correlations, and

many-body forces all participate in setting the saturation point.

1.2 Woods—Saxon parameters and the nuclear surface

The nucleon density is again described by a Woods—Saxon (two-parameter Fermi) profile,

_ Po
plr) = 1 +exp[(r—R)/a]’ (1.5)

where now pq is the central nucleon density, R is the half-density radius, and a is the diffuseness.

plpo
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Figure 1.3: Geometry of the Woods—Saxon surface. The half-density radius R is the point where
p = po/2. The surface thickness ¢, from 0.9p¢ to 0.1pg, equals 4aln3 ~ 4.4 qa.

1.2.1 Surface thickness from first principles

To relate a to an observable surface thickness, evaluate the radii at which the density has fallen
to 90% and 10% of pg.
Setting p = 0.9p9,

___ P (r—R)fa _ 1 re R -
0.9p0 = 15 et/ = e =5 = 5 = In9=—-2In3. (1.6)
Hence
rgo=R—aln9=R—-2aln3~ R —2.20a. (1.7)
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Setting p = 0.1pp,

£0

T3 o R/a — R/a—9 — ry=R+2am3~R+220a. (1.8)
e

O.lpo =
The surface thickness is therefore

t =110 — T90 = 4aln3 ~ 4.39a. (1.9)

Lecture notes sometimes quote t ~ 4.6a by approximating In9 = 2.3. The exact factor is
41n3 ~ 4.394. A standard global fit gives a = 0.52fm + 0.01 fm [1], so

t=4aln3 ~ 4.39 x 0.52fm ~ 2.28 fm.

The nuclear “skin” is only a couple of fermis thick and is nearly independent of A. The
redrawn Figure 1.3 uses the exact label 4In 3 a, so figure and derivation now follow the

same convention.

Example: surface of a heavy nucleus

With a = 0.52 fm,

t ~ 2.3fm.

For 7Au, Ry = 1.2fm x 197'/3 ~ 7.0fm [1]. The density is essentially flat for r < 5fm
and has fallen to a few percent of pg by r =& 9 — —10 fm, matching Figure 1.2.

The central core is uniformly populated with nucleons up to r ~ R; beyond that the density

decreases smoothly. The nucleus does not have a sharp boundary but a diffuse quantum surface.

1.2.2 The A3 law for the half-density radius

The mean nuclear radius Ry increases with mass number. Saturation already implies the

functional form. If the central density is A-independent, the volume that holds A nucleons must

grow as
5 1/3
A=37R’py = R= (—) AV =g AVS, (1.10)
47Tp0
With pg ~ 0.16 fm =3,
5 1/3
ro = <m> ~ 1.14fm, (1.11)

close to the conventional fit value. This 1.14 fm is the radius of a sharp uniform sphere whose
mean density is 0.16 fm3; it is not numerically identical to a Woods-Saxon half-density radius,
an rms radius, or a charge radius. Surface diffuseness and the chosen radius definition account
for the familiar rg ~ 1.2 fm convention. Analysis of electron-scattering data yields the empirical
expression [1]

Rp = 1.2fm x AY3, (1.12)
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Combined with a constant central density, this is precisely the geometry of an incompressible
liquid drop: volume x A, so radius < AY/3. Equation (1.12) is a standard input to the liquid-drop
model [1].

The mean inter-nucleon spacing at saturation follows from the same density:
d~ py"* &~ (0.16) /3 fm ~ 1.8 fm, (1.13)

comparable to the pion Compton wavelength that will appear in Lecture 11.

Takeaway

Three numbers characterise bulk nuclear matter as seen by electrons (rescaled to nucleons)

[1]:
po ~ 0.16/fm®, Ry =1.2fm AY? @ =052fm+0.01fm (¢t~ 2.3fm).

They will reappear in the liquid-drop model, the semi-empirical mass formula, and the

nuclear equation of state.

1.3 What uniform density teaches about the strong force

The nucleus exists because a strong attractive force counters the Coulomb repulsion among
protons. Without that force the nucleus would explode. Nuclear attraction is far stronger than
Coulomb repulsion at fermi distances, yet the density profile is flat, not centrally peaked.

One might have expected the opposite. In a self-gravitating body such as the Earth, density
is highest at the core and decreases toward the surface: every mass element attracts every other,

so the equilibrium is centrally condensed. Why is the nucleus different?

Nuclear forces are short-ranged. A given nucleon interacts significantly only with its nearest
neighbours, not with all other nucleons in the system. There is therefore no long-range “pull
toward the centre,” and the equilibrium density is set locally by the balance of short-range
attraction and short-range repulsion (the hard core / Pauli pressure). The result is a

saturated, roughly constant bulk density.

The range of the strong force is of order the pion Compton wavelength, h/(mrc) =

1.4 fm—comparable to the mean inter-nucleon spacing at saturation. Beyond two or three
fermis the force has essentially died away. That is why adding nucleons increases the volume
at fixed density rather than packing the centre more tightly, and why the surface thickness

is a nearly universal few fermis set by the force range itself.
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Historical note: Hideki Yukawa (1907-1981)

r”‘ Hideki Yukawa, working in Osaka in 1934-1935, proposed that the short-range nuclear force

is mediated by the exchange of a massive boson. The resulting potential,

—r/A
V(r) « ¢ , A= R

r me’

falls exponentially with a range fixed by the mediator mass m. Yukawa estimated

m ~ 100 MeV /c?; the pion, discovered in 1947, has m, ~ 140 MeV/c? and A ~ 1.4fm. He
received the 1949 Nobel Prize in Physics, the first Nobel awarded to a Japanese scientist.
Yukawa’s insight is the microscopic reason the nuclear density saturates: the force simply does

not reach across the whole nucleus.

1.4 Preview: finite-size spectroscopy

Electron scattering is not the only radius probe. For an atomic s state, the leading correction
caused by replacing a point nucleus with a spherical charge distribution is

_ 2r Ze?

AEns - "9 a1__ ns 2(p? C . 114
3 e [ons O )+ (1.14)

The positive sign means that a finite nucleus softens the Coulomb singularity and raises the
bound-state energy. This compact theorem, rather than a second uniform-sphere derivation, is
all that is needed here. Lecture 3 derives it, reduces it to the uniform-sphere result (r?) = 3R?/5,

and explains how field shifts are separated from recoil (mass) shifts in real isotope spectroscopy.

1.5 Summary and outlook

o Electron scattering measures pp(r). Under p,/p, = N/Z, the nucleon density is p = (A/Z) p,.

+ Rescaled densities for different nuclei share a common central value py ~ 0.16/fm?: nuclear

martter saturates.

e The Woods—Saxon surface thickness is ¢t = 4aln3 with the usual ¢ = 0.52fm =+ 0.01 fm
(t ~ 2.3fm); the half-density radius obeys Ry = 1.2 fm A'/3 [1].

o A flat bulk density is the geometric signature of a short-range strong force: nucleons feel only

their neighbours.

o Atomic electrons (and especially muons) provide a second radius measurement via the
finite-size shift AE o Z [1(0)|? (r?)ep.

Next. Lecture 3 specialises the finite-size shift to isotope differences and muonic atoms,
recovering the same Ry =~ 1.2 fm from spectroscopy. Lectures 4-5 then leave size for binding

energy and the SEMF that encodes saturation as a volume term.
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1.6 Deeper physics: saturation density and short-range force

1.6.1 Numerical saturation density

If the mass density is roughly uniform inside R = r9A/3 with 79 ~ 1.2 fm, the mean nucleon
density is
A

3
= = 2 ~0.140.17fm 3 1.15
£0 %W'R?’ 471'7'8 m -, ( )

depending on the precise radius definition (half-density vs equivalent uniform sphere vs rms). A

representative value is pg ~ 0.16 fm > [1, 2, 4]. In mass units this is
p~23x10"kgm 3 ~2x 10 gem 3, (1.16)

about 10" times liquid water: the densest stable bulk matter on Earth is ordinary nuclear

matter.

1.6.2 Why density saturation implies a short-range force

If every nucleon interacted attractively with every other nucleon (infinite-range two-body force),
the binding energy would grow as (‘3) x A? and the equilibrium density would not be A-
independent. Observed B o« A (Lecture 4) and p & const together require that each nucleon
feels only a fixed number of neighbours: the force range is of order the internucleon spacing
~ 1-2 fm.

Light vs heavy surface fraction

With ¢ ~ 2.3fm fixed and R = 1.2 AY/3 fm, a light nucleus (R ~ 3fm) is mostly surface,
while lead (R ~ 7fm) is mostly bulk. That geometric fact foreshadows the SEMF: surface

energy dominates the rise of B/A at low A; volume energy dominates the mid-mass plateau

[1].

Mass vs charge distributions. Matter densities inferred from hadronic probes are similar

in shape to charge densities, but not identical: neutron skins in heavy nuclei make the
matter radius slightly larger than the charge radius. Lecture 1’s electron probe measures
charge; Lecture 2’s saturation argument concerns the matter density that sets the SEMF

volume term.

1.7 Physics depth: saturation density and force range

Lecture 2 established pg ~ 0.16 fm™ and R o< A'/3. Those two facts fix both a length and an

energy scale for every later liquid-drop argument.
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1.7.1 Worked estimate: Fermi momentum and kinetic scale

For a symmetric Fermi gas at density ng = 0.16 fm 3,

N
© 2my

kp = (37°ng/2)"? ~1.33fm™",  Tp ~ 37 MeV. (1.17)
The observed volume energy ~ 16 MeV per nucleon then implies a potential contribution of order
—50MeV per nucleon once kinetic energy is subtracted: attraction and Fermi motion nearly
cancel. That cancellation is delicate; three-nucleon forces and the density dependence of the
symmetry energy move the equilibrium point by only a few percent in ng but can change the

pressure above saturation by much more (Lecture 6).

Internucleon spacing

3 ~ 1.8fm is comparable to the pion Compton wavelength

The mean spacing d ~ ng
h/(mgyc) ~ 1.4fm (Lecture 11). Saturation therefore lives at the border between a long-
range one-pion tail and a short-range repulsive core: neither a pointlike contact force nor

an infinite-range 1/r force can produce an A-independent bulk density.

Assumptions. Uniform-density estimates ignore surface, Coulomb, and shell oscillations.

They are excellent for order-of-magnitude pedagogy and poor as precision EOS inputs.
Always state whether ng is a charge or matter density when comparing electron scattering

with heavy-ion or astrophysical constraints.

1.7.2 Compressibility and the breathing mode

The incompressibility K = 9n3(0?(E/A)/On?),, sets the curvature of the energy per nucleon
at saturation. Giant monopole resonance energies constrain K ~ 220-260 MeV in symmetric
matter. That number is the laboratory cousin of the speed of sound just above ng. Soft EOS
families with small K yield more compact stars at fixed mass; stiff families push radii outward.
Quoting ng without K is like quoting a spring’s equilibrium length without its spring constant.

Surface symmetry energy and the neutron-skin thickness further split isovector from isoscalar
physics. A nucleus with a thick neutron skin looks like a laboratory droplet with an enhanced
local asymmetry at the surface, connecting Lecture 1’s radii to Lecture 2’s saturation argument
without yet invoking stars.

A Fermi-gas pressure P = (2/5)nTF at saturation is tens of mega-electronvolts per cubic
femtometre, enormous on laboratory scales yet the baseline that gravity must overcome in
Lecture 6. Adding interactions changes both the energy and the pressure; the slope of E/A
versus n away from ng is the EOS. Students should plot a schematic E/A with a minimum at
no and mark K as curvature: that single sketch organises saturation, giant resonances, and

neutron-star radii.
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Pressure sketch

From a quadratic expansion of E/A about ng, derive P ~ (K/9)(n — ng)?/ng near saturation
(schematic) and discuss why P(ng) = 0. This short derivation links Lecture 2 to the EOS

language of Lecture 6 without solving TOV equations.

1.8 Further physics: saturation and the uncertainty principle

Constant central density and B/A ~ const are two faces of the same fact: each nucleon interacts
mainly with nearest neighbours (saturation of the nuclear force). A quantum link makes that
plausible. If A nucleons share a volume x R® with R = rgA/3, each occupies a linear size
Ax ~ rg. The uncertainty principle then gives a mean kinetic energy per nucleon of order
72
2

T ~
< > 2mpyrg

~ tens of MeV, (1.18)

nearly independent of A. Because the kinetic energy per particle does not grow with system

size, neither does the net binding per nucleon once nearest-neighbour attraction is fixed [14].
That argument fails for atoms: the long-range Coulomb field of the nucleus pulls electrons

tighter as Z grows, so atomic size does not scale as Z1/3 and the electron density rises with Z.

Nuclear forces do not act that way: density saturates.

1.8.1 Saturation requires more than the Pauli principle

Nearest-neighbour counting explains why density and B/A do not grow with A, but a complete

picture of saturation needs three ingredients [14]:

1. short-range attraction (r ~ 1fm);

2. a repulsive “hard core” at r < 0.5 fm (partly Pauli/quark structure);

3. the Pauli principle for nucleons as fermions.

Any pure power-law attraction would not saturate. The empirical Woods—Saxon density (flat
interior, thin surface) is the geometric fingerprint of that three-part force.

1.8.2 Atoms vs nuclei

Atomic size does not grow as Z/3: the long-range Coulomb field of the nucleus increases electron
density with Z. Nuclear density is approximately constant because the force is short-ranged and
saturates. That contrast is the essential reason liquid-drop thinking works for nuclei and not for
atoms [14, 5].

1.8.3 Fermi momentum and density at saturation

Treat protons and neutrons as independent Fermi gases in a volume V = (47/3)R? with bulk
density
ng ~ 0.15-0.17 fm =3 (1.19)
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[14, 1]. For N ~ Z ~ A/2 the Fermi energy of each species is

& 2.12/3
= — ~ 35M 1.2
EF =5 (37°n) 35MeV, (1.20)
corresponding to
pr~265MeV/e,  kp=pp/h~133fm . (1.21)

The mean kinetic energy per nucleon in a free Fermi gas is %5 r ~ 21 MeV. Neutron-scattering

and optical-model analyses place the depth of the mean field near U ~ —40 MeV; the net volume
binding is then of order ay ~ |U| — 2ep ~ 15-20MeV, consistent with the SEMF volume
coefficient [14].

These numbers fix the density and energy scales that Lectures 4-6 carry into the liquid-drop

formula and into compact-star estimates.

1.9 Deeper reading: from ny, to SEMF coefficients

Once ng and ro = (3/4mng)'/? are fixed, the SEMF volume term ay is essentially the binding
per nucleon in infinite symmetric matter. The surface term ag measures the energy cost of the
diffuse skin of thickness ¢ ~ 2.3 fm mapped in Lecture 1. A crude geometric estimate of the
surface-to-volume ratio is 3t/ R for light systems: that is why B/A rises steeply below A ~ 50
and flattens thereafter (Lecture 4).

1.9.1 Link to asymmetry and neutron stars

Replacing N = Z by a neutron excess costs the symmetry energy a,(N — Z)%/A. The density
slope of that symmetry energy near ng controls both laboratory neutron skins and the pressure
of neutron-star matter just above saturation. Thus the pedagogical chain is tight: Lecture 1
measures charge radii, Lecture 2 fixes bulk density, Lecture 4 organises binding, and Lecture 6
asks what happens when gravity compresses the same saturated fluid far beyond ng.

Keep the bookkeeping honest: quoting ng without an uncertainty on the compressibility
K or the symmetry slope L understates how many EOS families remain allowed by the same

laboratory saturation point.

1.9.2 Saturation as a many-body problem

In modern language, two-nucleon potentials fitted only to scattering underbind or overbind finite
nuclei and misplace ng unless three-nucleon forces are included at the appropriate chiral order.
Students need not master the EFT power counting here, but they should remember that the
Fermi-gas estimate of Lecture 2 is a scale argument, not a derivation of the force. Lectures 7-11
rebuild the force from the deuteron upward; Lectures 4-6 spend the saturation scales those
forces must reproduce.

A Fermi-gas pressure P = (2/5)nT at saturation is tens of mega-electronvolts per cubic
femtometre, enormous on laboratory scales yet the baseline that gravity must overcome in
Lecture 6. Adding interactions changes both the energy and the pressure; the slope of F/A

versus n away from ng is the EOS. Students should plot a schematic F/A with a minimum at

10
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no and mark K as curvature: that single sketch organises saturation, giant resonances, and

neutron-star radii.

Saturation checklist

Record ng, B/Alvo, K, and a schematic S(n) slope L whenever you read an EOS paper.
Recompute 1o from your chosen ng and verify that R = roAl/ 3 matches Lecture 1 radii at the
5% level for medium-mass nuclei. Discrepancies larger than that usually mean you are mixing

charge and matter radii or using a saturated density inconsistent with the SEMF fit of Lecture 4.

From density to pressure

Differentiate a schematic energy per nucleon E/A = %Tp(n) + a(n) + b(n)? to obtain pressure
P =n%0(E/A)/On. At saturation P = 0 by definition; above saturation the same derivative
becomes the EOS. Plotting P(n) for two choices of K shows immediately why stellar radii move
when incompressibility changes. Keep isoscalar (K) and isovector (L) derivatives distinct in that
sketch.

Finite nuclei versus infinite matter

Surface and Coulomb energies vanish in infinite matter but dominate light nuclei. Extracting ng
from finite nuclei therefore requires a model that removes those corrections. That is why modern
determinations combine heavy-nucleus radii, giant resonances, and ab initio infinite-matter

calculations rather than reading ng from a single A.

Saturation numbers to keep

Memorise four numbers with units: ng ~ 0.16fm™3, B/A ~ 16 MeV, K ~ 240MeV, and
L ~ 40-80 MeV (broad present range). Every EOS talk rewrites those symbols; students who
know the numbers can detect inconsistent plots immediately. Recompute rg from ng whenever a

paper uses a different saturation point, and adjust Lecture 1 radius comparisons accordingly.

Research frontier: saturation, symmetry energy, and student projects

Lecture 2 fixed the saturation density ng ~ 0.16 fm =3 and the volume energy scale from
elementary Fermi-gas estimates of kinetic and potential contributions. Those order-of-
magnitude arguments still teach why nuclei exist as saturated droplets, but they do not
organise the hierarchy of two- and three-nucleon forces. Chiral effective field theory (EFT)
now expands residual nuclear interactions systematically in momenta over a breakdown
scale, so that saturation and the symmetry energy emerge from low-energy QCD symmetries
rather than from a purely phenomenological well [41, 42]. The slope L = 3ny(dS/dn),, of
the symmetry energy near ng remains one of the most debated nuclear-matter parameters:
laboratory skins, heavy-ion collective flow, and neutron-star radii pull in partly different
directions, and modern reviews emphasise propagating those uncertainties into astrophysical
equations of state [45, 38]. Three-nucleon forces shift the saturation point relative to pure

two-nucleon Hamiltonians; omitting them typically misplaces both the binding energy

11
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per nucleon and the equilibrium density. Open questions include the size of higher-order
chiral truncation errors at twice saturation density and the consistency between terrestrial
constraints and multimessenger astrophysics.

A useful way to keep the uncertainty honest is to treat S(n) not as a single curve but
as a family of curves consistent with skins, dipole polarizability, and astrophysical radii.
Student projects that recompute L from two published parametrisations and then ask which
dense-matter observables move the most are closer to current practice than memorising one
preferred number.

Student directions. (1) Analytic estimate: convert ng between fm 3 and kg m > and rederive
ro = (3/4mng)'/3. (2) Data project: from a published S(n) parametrisation, extract L and
compare with the PREX-implied range. (3) Literature survey: summarise how three-nucleon

forces shift the saturation point relative to pure two-nucleon Hamiltonians [41].

1.10 Problems with solutions

Problem 2.1 — Saturation density

Using R = 1.2 A'/3 fm, compute the mean nucleon number density pg = A/ (37R3) in fm =3
and in gecm ™3 (take my = 1.67 x 107 2* g).

Solution 2.1

3 3
C4mrd 4m(1.2)3

00 ~ 0.138fm 3 ~ 0.14-0.17 fm 3

depending on the precise radius definition. In mass units,

pompy ~ 2.3 X 1014gcm_3,

as in Problem 1.1. This is the saturation density underlying the SEMF volume term.

Problem 2.2 — Neutron-star radius from density (Petrera 1.1.3)

A neutron star has mass M ~ Mg = 2 x 1030 kg and density comparable to nuclear density

p~2.3x 10" gem™3. Estimate its radius.

Solution 2.2

4 3M e 3 x2x 1033 e
X X
—tR3p=M = R= ( ) ~ ( 2 ) ~ 13km.

3 4mp 47 x 2.3 x 104 gcm—3

Nuclear saturation density plus solar mass already yields the observed R ~ 10km scale
(Lecture 7).

12
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Problem 2.3 — Surface thickness

For a Woods—Saxon profile with a = 0.52 fm, compute the skin thickness ¢ over which the

density falls from 90% to 10% of its central value.

Solution 2.3

t=4aln3 ~ 4 x 0.52 x 1.099 =~ 2.3 fm.

The surface thickness is nearly independent of A, while R o« AY/3 grows: light nuclei are

almost all surface; heavy nuclei have a thin skin on a large bulk.
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